SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(C1) answer book.

al
1. (a) LetA=(0b]where a,beR and a=b .

. a R_pn
Prove that A" = a-b for all positive integers n .
0 b"

1 2\
(b)  Hence, or otherwise, evaluate ( o 3 ] .

(6 marks)

2. Let n be an integer and n>1 . By considering the binomial expansion
of (1+x)*, or otherwise,

(a) show that C;'+2C} +3C) +...+nC} = 2*'n ;

1 -2 3 (-1)"n

(b)  evaluate + + 4.+
n-1) 21(n-2)! 31(@n-3) n!

(5 marks)
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(a) If ¢, a, @y, a,, p, q, a«, B are real numbers such
that x*+ax®+ax?+ax+a, = (x* +px +gP - (ax+p)?
for all x,
2
a
2 1
af = — +2g -
4 =%
show that ap = % (@gq-ay)
Bz = q2 -a,
(b) Find the possible real valuesof p, ¢, a« , B such that

x* +4x3 - 12x2 +24x -9 = (x% + px + @)* - (ax + B)?
for all x .

() Solve x*+4x>-12x2+24x-9 =0

(7 marks)
Let f:[-1,1]—>[0, =], f(x) = arccosx and
g: R=>R, g(x) = f(cosx) .
(a) Show that g(x) is even and periodic.
(b) Find g(x) for x € [0, =] .
Hence sketch the graph of g(x) for x € [-2r, 2n] .
(5 marks)

(@ For x>0, prove that Inx < x -1 where the equality holds if
and only if x=1.

(b) Prove that In I < 1 for r>1.
r-1 r-
-1 1
Hence deduce that Inn < Z T for n =2,3,4,.. .
k=1
(7 marks)
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6. Let {a,} be a sequence of non-negative integers such that SECTION B (60 marks)

Answer any FOUR questions from this section. Each question carries 15 marks.

n
ns< Ea,z sn+l+(-1) for n=123,... Write your answers in the AL(C2) answer book.
k=1

Prove that a, =1 for n 2 1.

(4 marks) 8. Let M_, be the set of all mxn matrices.
a, 4,
Let A = EM, .
7. Let a € C and a=0 . @ b, b, 2
. 1
a Show that if =|z-a], th zl- 2, 4y
@ if [z = |e-al en Re(a) 2 (1) Show that if A = (sl 5, ) , where
u
2
) If |z] = |z-a] = |a], express z interms of a. Uy, Uy, S, 5, € R, then detd =0 .
(6 marks)
(ii)  Conversely, show that if detA = 0, then A = BC for
some B e M, and C € M, .
(5 marks)
a, a; a,
(b) Let D=|b b, by|eM,.
€ G G
u, v
51 5. %
@) Show thatif D =| 4, v, , where
h 4 4
Uy Vg
u, v, s, t € R (i =1,2,3), then detD =0 .
(1)  Suppose there are « , B € R such that ¢; = aa, + Bb,
for i =1,2,3. Find S € M,, and T € M,, such that
D = ST .
(ii1)  Show that if detD =0, then D = PQ for some
PeM, and Q €M, .
(10 marks)
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Consider the following systems of linear equations
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10. Let @« , B and y be real and distinct and
2&x+2y-z =k -a)x-B)x-v) =x*+px2+qx+r.
&) hx-3y-z2=0
“3x+hy+z =0 (a)  Show that
and .
6x+6y-3z =2 @) | S WD S 3x2+2px +q :
T : hx-3y-z =0 x-a x-B  x-v xPaepxlegxe+r
* ) -3x+hy+z =0
-5x-2y+6z = h Gi) 3e’+2pa+q =(a-P)a-7).
(4 marks)
(a) Show that (S) has a unique solution if and only if A% # 9 . Solve
(5) in this case. (3 marks) () Let f(x) be a real polynomial. Suppose Ax2 + Bx +C is the
remainder when (3x2 +2px + g)f(x) is divided by
(b)  For each of the following cases, find the value(s) of k for which B epxtrgxer.
(S) is consistent, and solve (S) :
. 2
(]) h o 3 N (l) PrOVe that f(a) f(ﬂ) f(Y) A'x +Bx + C .
x-a x-B  x-yv xP*+pxtegxe+r
G) h=-3.
(7 marks) (i) Express A, B and C intermsof « , B, v, f(a),
. . f(B) and f(y) . —
(©) Find the values of h for which (T) is consistent. Solve (T) for (11 marks)
each of these values of & .
(5 marks)
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11. Let P, Q be'two points on a mfcle with centre C such that P, Q, 12. Let p>0 and p * 1. {a) isa sequence of positive numbers
C are non-collinear and taken anti-clockwise. /PCQ = a and M is the 2
mid-point of PQ . Let z,, 29, Z¢ and z,, be the complex numbers % = 1 1
represented by P, Q, C and M respectively. definedby | g = — + =g _,, n=123,.
’:/; p
= i(r. - &
(@) Show that zo-zy = i(zy - zp)cot— . (a)  Prove that lim @, = O if the limit exists. (2 marks)
(5 marks) "
. i = = 5 that li t
(b)  Express z. and the radius r of the circle in terms of z, , Zq & 0 IF2=a,<a <a: show tha ,.lfr: @, does no
and a« . exist.
(4 marks)
(i) If a_, >a, forsome k > 1, showthata, , > a, for
(c) @) Show that any circle in the complex plane can be represented n > k and deduce that lima, =0 .
by an equation of the form "
_ - (4 marks)
zz+az+bz+c =0
where: ;B € € and = € R.. (9 () If 0<p<1, showthat lim a, does not exist.
(i) Let &:zz+az+bz+c = 0 be a circle passing through N .
the points representing 1+i and -i . If the chord joining (i) If p22, show that l"‘ff a,=0.
these two points subtends an angle 1;— at the centre, find (4 marks)
the valuesof a, b and c. (d) Suppose 1 <p<2.
(6 marks)
) Prove by mathematical induction that a, < N for
p-
n>0.
(i)  Prove that lima, = 0 .
(5 marks)
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13. Let a and b be positive numbers.
(@) Prove that
a°b® > atp°

where, if the equality holds, then a = b .

(b)  Using (a), or otherwise, prove that

+b
(‘“b)a > abh*

2
where, if the equality holds, then a = b .

()  Show that x*(l - x)!-* z% for 0<x<1

where, if the equality holds, then x = —;— .
5 a+byt

Deduce that a“?b” > ( 5 )

where, if the equality holds, then a = b .

END OF PAPER
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(4 marks)

(3 marks)

(8 marks)
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This paper must be answered in English

1. This paper consists of Section A and Section B.
2. Answer ALL questions in Section A, using the AL(C1) answer book.

3. Answer any FOUR questions in Section B, using the AL(C2) answer book.
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SECTION A (40 marks)
Answer ALL questions in this section.
Write your answers in the AL(C1) answer book.

where a,b > 0 .

3

1. (a) Evaluate lim (
x-0

1
a*+b*+ 1]}

(b) By considering a suitable definite integral, evaluate

2 2 2
um[l L2 +__+n]‘

nee \n3+13 n3+ 23 : n3+nd
(6 marks)
2. (@  Using the substitution x = sin?0 (0 < 6 < —’23) , prove that
@ _ 4y - 2 [ fsin0) de .
vx(1 -x) '
(b)  Hence, or otherwise, evaluate
dx q x4
f—-——x(l_x) an 1-x X
(5 marks)

3. Consider the parabola y? = 4ax .

(a)  Prove that the equation of the normal at P(at?, 2af) is
y+tx =2at+at®> . ... &)

(b) P,.(at‘.z, 2at) , i =1,2,3, are three distinct points on the
parabola. Suppose the normals at these points are concurrent. By
considering (*) as a cubic equation in ¢, or otherwise, show that

L+, +1, =0,
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(5 marks)
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4.  For x>0, define F(x) =f°‘ tﬂfd:.
+

(a) Find the value of x, for which P(x) < F(xy for all
x € [0, 2n].

(b) By considering F(0) and F(2xn) , show that F(x) > 0 for all
x € (0, 2n) .
(7 marks)

S. Figure 1 shows the graphs of the circle I'; : r = -2cos0 and the
cardioid T, : 7 = 2 +2cos0 .

Figure 1

(@)  Find the polar coordinates of all the intersecting points of I'; and
[, other than the pole.

(b)  Find the area of the shaded region.
(6 marks)

51
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x+1
x-1

r
6. Let r be a real number. Define y =( ) for x> 1.

(a) Show that & 2y .
de  x2-1

(b) For n =1,2,3,..., show that
@ -Dy*P+2mx +ny® + (0 -my®P =0,

dky
where Y@ =y and y® = —Z for k 2 1.
dx*

(5 marks)

7. Let f: R—> (-1, =) be a differentiable function.
(a) Differentiate In[1 + f(x)] .
(b) If f(x) = x3+ fx 312f(r)dt for all x € R, by considering

fiix) , find f(x) .
(6 marks)
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SECTION B (60 marks)
Answer any FOUR questions from this section. Each question carries
Write your answers in the AL(C2) answer book.

1 (DM - x

8. Let L= [ —dx, k=012, ...

1+x
(a) Evaluate I .

(b)  Prove that —% <L s

+1 3k+1

(c) Express I,,, -1, interms of k.

. -
d For n=012 . lee b =Yy O
€ ser e On § Gk + D3k + 2)

Using (a) and (c), express I ,, interms of b, .

Hence use (b) to evaluate lim b, .

N
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15 marks.

(4 marks)

(3 marks)

(3 marks)

(5 marks)
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9. Let f(x) = x| where x# -1 . 10. Forany B > 0, define a sequence of real numbers as follows:
(x+1
a,=B+1, a =a_+—P for n>1.
@ () Find £ and £/(x) for x>0 . -1

P that
(i) Find f(x) and f(x) for x <0 . €Y rove tha

(i) alz2a_+2p for n22;

(iii) Show that f/(0) does not exist.

4 ks
(4 marks) G) a22p*+2np+1 for mn21.
(b)  Determine the values of x for each of the following cases: (2 marks)
@) fi) < 0, ) fw>0, (b)  Using (a), show that for n 2 2,
al s p2+2np +1 +§ﬂ—2 .
i) f'&x) <o, vy ' >0. k1 PE+2kp +1
(4 marks) (3 marks)
(¢)  Find the relative extreme point(s) and point(s) of inflexion of f(x) . (¢) Provethatfor k2>1,
3 ks
(3 marks) 2 lk < f :l 2 : d* :
(d)  Find the asymptote(s) and sketch the graph of f(x) . p%+2kp +1 p%+2Bx 1 (2 marks)
(4 marks)

2
a
(d)  Using the above results, show that lim —— exists and find the

Ao n
limit.

2
a
State with reasons whether lim —2 exists.
o o

(8 marks)
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T

x  Consi I
11.  (a) Evaluate fo 2 d6 12 onsider the lines

2sin® + cosf + 2 L. X5 _»y-1_ 2z
(5 marks) 1 2 2 -1
-4 y+8  z-1
d : % = =
(b) Let f(8) = asin® + bcos® + ¢ and ki 5 2
g®) = Asin® + Bcos® + C
where A, B are not both zero. (a) Show that L, and L, do not intersect. (2 marks)
Show that there exist real numbers p, ¢ and r such that (b) Let L be the line perpendicular to L, and L, intersecting L,
f(6) = pg®) + qg'(®) + r at A and L, at B.
for all real numbers 6 .
(5 marks) @) Find the coordinates of A and B .
(c)  Hence, or otherwise, evaluate (i)  Find the equations of L .
= (7 marks)
f} 7sin® - 4cos6 + 3d9
0 2sin® + cos® + 2 (c¢) Let m be the plane containing the point A and perpendicular to
(5 marks) L
x
@) Find the equation of = .
(ii) Show that B lieson = .
(iii)  Find the equations of the projectionof L, on w .
(6 marks)
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13.

(@

(b)

(©)

Suppose f(x) , g(x) are continuously differentiable functions such
that f/(x) >0 for a s x < b.

() Let w) = f g(®dr . Show that

f: fx)g)dx = 1) [ gdx - [” Foweydx .

(1)  Using the Theorem (*) below, show that
f: f(x)g(x)dx = f(b) f: gx)dx + f(a) f: g(x)dx

for some ¢ € [a,b] .
[ Theorem (*) : If w(x), u(x) are continuous functions
and u(x) >0 for a <x < b, then
b
f wu(x)dx = w(c)fb u(x)dx for some ¢ € {a,b] . ]
a a
(5 marks)
Let F(x) be a function with a continuous second derivative such
that F/(x) 20 and F/(x) > m >0 for a < x < b . Using (a)
with f(x) = . and g(x) = -F/(x) cos F(x) , show that
F/(x)

| f: cos F(x) dx l < % . (5 marks)

) 1 a 1 .
() Show that fo cos(x™)dx sfo cos(x™ ) dx .

. 1 .
Hence show that lim fo cos(x") dx exists.

n-~w

(i)  Using (b), or otherwise, show that lim f:‘ cos(x™ dx

exists.
(5 marks)

END OF PAPER
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