,—'———"’

9 (a) Let f(x) and g(x) be two functions continuous on the

ideri i | of the function ]
interval 14, b]. By considering the integral O "0 ion.
1{‘}&&) +[g(x)]2 on fa, b] ,setup 2 quadratic inequality in the HONG KONG EXAMINATIONS AUTHORITY

parametel A

b 2 b 2 b 2 g
(S f(x) &) dx) < (‘ ey dx\)(L[g(xn x).

Hence show that
HONG KONG ADVANCED LEVEL EXAMINATION 1986

o ApE HE—
on-constant function with continuous derivative
@ 1 1) v O ) <o, PURE MATHEMATICS  PAPER |
’ 9.00 am-12.00 noon (3 hours)
(i) Show that This paper must be answered in English
1
f(x) = S F(r) dt = -‘ £(2) dt
0 X
for any xelo, 1.
() Use (i) and (a) to show that
L
[f(x)N? <x ‘2 (F(O)? dt if x€1(0 ,-15] This paper consists of nine questions all carrying equal marks.
0

Answer any SEVEN questions.
1 ’ . 1

and [f(x)]’<(1-x)sl RO xe(d. 1.
I

1 1 ,
(i) Use (i) to show that SO () ax < g o () dx .

END OF PAPER
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2. Consider the system of linea .

Forany U in M, let ‘ ar equahon§
se of U. ‘. xty-z=a
U-! and detu>0} - | (E) | ~kx -y +kz=b
k’x + y - kz=¢

£ 2 x 2 real matrices.

1. Let#bbe the set O
ctively the determinant and transpo

det U and yT denote respe
Let F = |Uue A uT =

If U€E G, show that detU=1. ) Fi )
(@ (i) Find all real values of k such that for any given values of
a,b and c, (E) has a unique solution.

@ O

a b
at Ueyifandonlyif U=(_b a) for
(i) For k=0, find all real values of a, b and ¢ such that

(i) Show th
(E) is consistent.

some real @, b such that a2 +br=1.

w X R .
b) Let B= be in M- . (m) For a.-b_""o and k = 1, find two solutio!
y z o (x ns
i i ,yl‘ ,zy) and (x2 ,¥2. z,) of (E) which are
q € R such that inearly independent vectors.

(i) Show that if there exist ve Fad P,
p O (b) Let (xo,Y0,2o) bea solution of
T - ,
UBU (0 q) x—ky + Kz =0
x—-y t z=0
=gT ie,x=Y:
then B B, 1 y LIPS
i .« g =BT, then there exists U € F suchthat .
(i) Show that if B Show that if the scalar product (@, d,¢)- (X0 . Y0, ? )£ 0
yBuT = (S 0) for some S, ! € R. then (E) is inconsistent. » Yo' Zo ,
0 t

61
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X
T A , \,, » not all zero,
L IR

The vectors Xi » X2-3 --° ]
dependent if there exist real numbers Ay
such that

. -0.
A1 Xy Fhaxg t ot Ay Xa

x_ be vectors in R®.

(a) Let X3 » X2 5" "n hnuly
e

i f n>2 show that Xy X2 5000 %y are )

o ’ f the vectors can be eXpresse

dent if and only if one O .
::paer;inear combination of the other vectors

linearly

i < k < n) of the vectors are

® ?lhow ;::: l:he’:\(lx, Xy 5.0 2 X, 1€ linearly dependent.
ependent, ,

b Let x a a;.,4a ’ X b 7b ,b ,» X Cy1,¢€ ,C;)
( 1 2 3) 2 ( 1 2 3) 3 ( 1 2
1 » i
( ) a“d Xa & (d‘ d dg) be fouf vectors n R .
4 142

a, bl ¢

b, ca| =0, then Xy ,X2,X3
2

(l) Show that if az
as by ¢»

are linearly dependent.

ai b, &

can be
(u) Show that if as b,_ Ca +0, then X4
as bg Ca
expressed as 2 linear combination of x; ,X2 X3
. 3 - l
Hence show that any four vectors 1 R? are linearly

dependent.

86-AL-P MATHS 14

4, (@) (i) Let X be anonemptysetand f: X—X be a function
such that fof =f.

. Prove that f = X’ the identity function on X, if f is

\
either injective or surjective.

(ii) Suppose X = {a s b}. Construct a function f: X—X
such that fof =f but f is neither injective nor surjective.

(iii) Suppose X contains more than 2 elements. Construct a non-
constant function f: X -—X such that fof=1f but f

is neither injective nor surjective.

(b) Let B be a given subset of a set E. A function
h : P (E)—ZP(E) is defined on the power set FP(E) of E by

h(4)=4NB forall 4 CE.

Using (a)(i), or otherwise, deduce that B = £ if h is injective
or surjective.

5. (@) Let m and n be two positive integers with m > n.

1
() Show that "I CM*1 =g
n+r

r=1

(i) By considering the coefficient of x* in (1+x)™(1 + -}F)" ,

m-k
showthat T C™ C"=C"" m-n<k<m.
reg Kktrr n+k

(b) A and B have n+ 1 and n fair coins respectively and they
toss their coins simultaneously.

(i) Find the probability that 4 will obtain k& more heads than
B, where 1 <k<n+l.

(ii) Show that the probability that A will obtain more heads
o 1
than B is —.
n is

62 86-AL-P MATHS I1-5 63
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ber p > 2, show that 8. Let f(x) and g(x) be two non-zero polynomials. A polynomial d(x)
x <1 and for any real num is said to be a Greatest Common Divisor (G.C.D) of f(x) and g(x)

-1 ?) . if d(x) divides each of them and évery common divisor of them also
(1+x)P+(l—x)p<2p 1+ x7)-

p-t ¢ 2x ] divides d(x).
[ v

(a) For 0<

2x
~x\P~' < 12X and (==
[Hint: Note that ll +’;) < 1+x an (1 +x (a) Let d;(x) and d,(x) be two non-zero polynomials which

‘ divide each other. Show that dy(x) = kd;(x) for some non-

a1

1 e
n(@) = (1 +r* + 2rcos 0)g + (1 + 1% —2rcos8)? , wher | zero constant k.
t = i
® :ﬁ> 0 and p>2. ’ (b) Let A be the set of non-zero polynomials p(x), where
0) for any 0. | P(x) = m(x)f(x) + n(x)g(x) for some polynomials m(x) and n(x).
Prove that h(8) < h(0) -
or otherwise, show that for any tw}o 200 P , ()  Show that if a polynomial s(x) divides both f(x) and

© Usinlg) @ :nd ?;\)c,l z, and for any real number p = 2.

numbers 1

g(x), then it divides every p(x) in 4.

L
| ‘p + |z -7,|P < 2Pt (Izl|p‘+ ‘z,‘ ) () Let p(x) bein 4. Show that when f(x) is divided by p(x),
Zy + 2z,

the remainder r(x) is either zero or a polynomial in 4 .

(i) Let d,(x) bein 4 with degd,(x) < degp(x) for all

P(x) in A. Show that d,(x) is a G.C.D. of fx) and
(a) Consider the equation (in z)

&(x).
..................... (*) .
‘z\’ +qz+rz +s=0, o o extiy ‘ (c) Show that if d(x) is a G.CD. of f(x) and g(x), then there
. By putting z = ’ 1 exist polynomials my(x) and no(x) such that
cR with s<0. o solutions. :
where q,7€C, s least tw

therwise, show that equation (*) has at
or o ,

d(x) = mo(x) f(x) + no(x) g(x) .

€ C ,such that

() Let uy, ¥z, Vi, 72 lpa]? =1 and wids F01Va

ua]? + Jual® = D]+

0<t<1,use(a)to show that the equation
For ,

2
2 +2v41%}
- eyl g +2vs b+ lua +2val
)Gz ¥ ovg) = (a ¥ (170N
(ug tzva 2 &

has at least two solutions.

64
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m and n, let

For any positive integers
mery (1 —X

m+u-1)
>

9.
m,n)=(1—x"‘)(l - x

T(
p(n) = (1 -x)Q1 ~-x2)...( -x").
Let P(m ., n) denote the statement
p(n)."

"T(m,n) I divisible by
t for any positive integers m and n,

(a) Show tha
@ Pm. 1) and p(1,n) are true,
@y if p(m.,n+1) and P(m+1 ,n) are true, then
. P(m+1,n+1) is also true.
{Hint: Consider T(m* 1,n+1)~ T(m.,nt 1)}
(b) For any positive integer 7 & 2, let Q(r) denote the statement
"p(r—n.n) is true for any 7= 1,2, .0 r=1."
(@) Show that Q(2) is true.
r+ 1 is also true.

r > 2) is true, show that Q

@ 1f o0 (
that for any positive integer

), of otherwise, Show

(©) Using (b
a-xma —xmrhy.. - xmTh)
is divisible by
a-xqa -x?)... (1 -x").
END OF PAPER

86-AL-P MATHS (-8

s m and 7,

HONG KONG EXAMINATIONS AUTHORITY
HONG .
KONG ADVANCED LEVEL EXAMINATION 1986

HEE RHE-
PURE MATHEMATICS PAPER I

" 2.00 pm-5.00 pm- (3 hours)
is paper must be answered in English

This paper consists of nine questions all carrying equal ks
marks.

Answer any SEVEN questions.
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-negative integer n,let

I =/zm\"odo.
n" o ‘

(a) Prove that ) I">1n”>0

(ll) In f'In'Z =

(m) —2—(—;1:‘6 <, <2(n -1)

(b) For n=l,2,...,le

i in terms of 4, -
Xii), ot otherwise, eXpress Iopes n

Yiid) to evaluate ,}l.Too

+F=0 (4 B

t sz + Bxy t Cy sand @ be the angle be

f straight line
them. Show that

if A+C=0,

if A+C#0.

The cases c+#0 and c=0 should be considered

(t) Let (E) be the ellipse with equd

2+2:-=1.

angents drawn from

int outside (£) ot P lics on 2

P(h k) is a2 pO
P to (E) are

(@) Let f(x)=x"*"]x|, where n is a positive integer.

Show, from first principles, that f '(0) exists and find its value.
Show that f'(x) = (n + 2)x" |x| . Hence find /x" {x]dx.

(b) Let ¢;,€3 .00 Cap be real numbers and let ¢ <0 <b.

Using (a), or otherwise, show that

/

[Hint: Note that ]x|2¥~! = x?%-2 |x| and }xl’k=x2k.]

2n .
T c,x/

bj#l + al+l)
i1

an
dx € % cl( -
=1 j+1

(c) Using (b), or otherwise, deduce that for any positive integer n,
/ 1
-1

Let f be an increasing function such that f(0) # € and f(x+y) = f(x){(y)
forany x,y 20.

g (1) G+ )
j=1 . 2]

dx < 2.

(@ (@) Prove that §0)=1.

(i) Prove that f(kx) = [f(x)]k for all x > 0 and for any
_non-negative integer k. :

(iii) Show that there exists a real number @ =1 such that

f(n) = a" for any non-negative integer n.

®) @ Forany x>0, show that 1 < fx) < q.
a

[Hint: 1f n is the integer such that n < x <n+1, then
" <a* <a™tl] :

(i) Using (b)), or otherwise, show that f(x)=a" forall x> 0.

86-AL-P MATHS 11-3 . L6
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(a) Llet 7 and 0 be the polar coordinates of 2 point P on2 curve

r=f(g) in the plane, where f is a non-negative and continuousty
differentiable function. Let O be the origin and ¢ be the angle
from the line OP to the tangent line at P. Show that

.
tan -—--(QL).
d6

(b) Consider the two curves

Cy: r=2(1~c050) 0<8<2m,

Cg: r=2.

(i) Find the points of intersection of ¢, and C2 and the
angle between the curves at each point (ie. the angle
petween the tangent lines at the intersection point).

(i) Draw ¢, and C; on the same diagram and find the

length of the part of C, inside Ci.

86-AL-P MATHS Ji—4

¢
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@)

(®)

©

i
(x) and u(x) be two functions defined by
f(x)=x3 - 3x? +4
0 whe
o) = nx <2,
1 whenx > 2.

Find the maxi ini
ximum, minimum and inflexion points of the graph of

f(x).
Sket
ch the graph of the function h(x) which is defined b
! Yy

h(x) = f(x — 2) - u(x).

Let 1 "
= e -x
n /o h(x)dx, where n is a positive integer.

Evaluate lim [
n

n-»oo

86-AL-P MATHS 1i-5
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e : i ot 4 8. Let .
The position vector of a point R(x, y, z) is given by ] 8: R—R be a diff i
8’ is increasing, erentiable function such that jts derivative

7.
r=xi+yj+tzk. )
(@ Let 2 ang
; A
(2) Consider the vector equations of a plane that the fUnctionbe real constants such that o<ia<i. Show
m:ren=p, ) F(x) =
d of a lin : , ) =80 + (1 = 2)a) - Ag(x) ~ (1 = 1) g(a)
and of a line | N attains its greatest valye when x =
g: r=a+tb, tER. 4 ® Let A, a.
i i i oy 1ol X, (m32) b .
@ 1If b-n#0,prove that pQ _a:d. nﬂ intersect at a point . such that A, + A, +"f_ o 3 ¢ m  positive real numbers !
with position vector a + ( D )b ) T Ay =1. !
i) Pr .
) Prove by mathematical induction, or otherwise, that ’f

s(xxxlf-lzx +
2.+ A x )< A
mm :g(x,)+x2&(x1)+
: c A g(x )
m m

B

(ii) Find the position vector of the foot of the perpendicular from

a point Ro(Xo . Yo zy) to the plane =.
for any real numbers x, , X3 x
veew X,

(b) The image by reflection of a point P with respect to a plane w
isa point P’ such that m bisects the line segment PP’ l @
‘ 1) By considerin, =

g 8(x) =e* or otherwise, deduce that

A A
a, la 2 A
2 ...am"‘<7\,a1+)\za1+...+)\a
m~ m

perpendicularly.
Using (a), or otherwise, find the coordinates of the image P' of

the point P(a, 8, 7) with respect to the plane »
for any positive numbers g, , ¢

»42 , ..., a

.

n: x+y+z—-1=0.
Hence, or otherwise, find the equation of the locus of P' as P

moves along the line

Q- x—1 ._._v—2=z—3 .
1 2 3

86-AL-P MATHS -7
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Tet ) i i the
i tinuously differentiable on
be a function defined and con . i :
> intervi(lx)l = [0, a] , and satisfying the following conditions

Q) f(0)=0 and f(x) =0 foral x €1,

(@) f'(x) is increasing on [I.

x - f(x) < xf'(x)
, therwise, show that
oo [ €080 o0
(a) By consi g .

for all x €1.
(b) Let F(x) = f(x) Vi [f(x)]’ ,
G(x) = 2f(x) V1 + (f'x)1? .

() Show that G(x) > 2f(x) f'(x) .
' - 2 0
(i) Using (a), or otherwise, show that [F'x)]1? - [G(x)]* >
for all x €1. Hence deduce that F'(x) > G(x) for
all x€1.

urface generated by rotating the graph

(c) Let S be the area of the sUsing (b), or otherwise, show that

of f(x) about the x-axis.

7 [f@))? < S < nf(a) Va© + ({@]* .

END OF PAPER
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OUTLINES OF SOLUTIONS

The following are outlines of solutions extracted from . the annual rep
Kong Advanced Level examinations. Readers should note that they
be model answers,

orts of past Hong
are not meant to

Outline of Solutions
———————

1981

Paper |
Q.1 (a) Solution set of (I} is
8t +2,2te-1,¢8):¢t e R} .

b) (i) For p # -5 and q € R (1) is solvable,
(i) For p = -5 3nd g = 1 (l1) issolvabie.

) (i) If p # ~5 the only sajution for the first three equations of (111)
is (2, -1, 0) which does not satisfy the 4th equation. So (I11) has
no solution for p # -5,
i} If p = —5, thesolution set for the first three equations of () is

{Be+2, 20 -1, 1): ¢ e R} . Substitutingitinto the
4th equation we get

7t + 4t -3=9
and hence

3
t= -1 roo=
3

Thus (=1, -3, =1} and (2—7:", —%, %) are the solutions of (111).

Q.2 (a) Consider the sequence {=b,}
Since -5, < -p,, Vn  and
~b, < -M Vn

{=b,} converges.

lim b’l = = lim (—bn) . since the last limit exists.
n —»>oo n-—>o00
- {b,} converges.

(b) Since GM. € AM. and x; <y,
,u'”<y,l for n =1,2, .. .

Itis obvious that Xgo Yp >0 Vn,
Further, for n > 1
mer T VXV > Vxx = *n

X, t ¥, t,
n L n n -
2 - n -

Ynes

Thus {x,} is increasing and bounded aboveby b, and { ¥,l is decreasing

and bounded below by o . Therefore both { xn} . Y,} are convergent,

Let x = |im x = lim
nsoo M’ Y n->oo Yn -
X, + y
' - n 'n
Since Ynay B n
. X, + y
lim yp 1 fim =& _ "n
n—>o0 N n->oo

1 : .
= 1. +
2 (n-LmNX" ;,'inee y")
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