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(a) For 0 < A < 1,‘

lee Ple) = A+ (-
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either of & and P is zero, the second inequality is .

(7 narks)

(5 marts)
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X "y : X7y .ar -
1. (b  If all X, or al} Yo are zero, the dnequeliry is ohyicse . e 3t T4 - 318 roots of f( N 0 e
LS o : : () - (" TIPS i i
Otherwise, let ¥, = i - > 0 T )(x =z r ) L ,
: = | v daf '
P _— - (X-t)ﬁ[( _ i
[ ] . dx x r)(x-,)( _ :
w ;',; 32 (= r)] + (x-rz)(x— "3)("-: )
y . - (x-r){(x_ i
= ‘; . . 1 r) -
LT 1- 20 ’ ' iy s ( i [(x !‘)(x-,)] x-r)(x—t)}
$ 4 N X -r)(x - i
%} 2 r)(x-r) '
[3‘: Ty . . 3 4
" - ) (x - . :
Then a bi 2 0 and F biq -1, . [RASS rz)(x r3) +t (x - rl)(x - )(x - . iy
: 1= Clx - T - ey (x -y ) 2 )+ !
] ) , . o 3 )t (x - rz)(x - rs)(x - ra) !
1 a x .
verz L : $1 I, == Vxiér.(qa
R ; [ - =1 =1, 2,3, )
5 I K . 4 , [
Y 1=1 "zj’ ;1 ‘Yr% . ) ’ P
) b) si .
nce EGr) 0 for g a 12,3, 4, - : (4 mar'ks) ;

(5 marks)

1“"r)+a

(C) BJ(R)O.NL J) 3 vV ox ¥
el { _r'( = P
@ =1 3{% (5 marke)
v w2 2 4 4
I\lal X + X 2_ ‘i + % Z . 2 . ,
. 1= = 1 1{1 Y e
4
4
f a . x? 4 - 4
- 1 a,x 2 or + .
4
| "
; S azx 4
‘ l iap 2 "o Zr ) aj]
| A i=]
y = b3, _
v (Zri* Ia)xz’(2r2+a Jor o+
I i 1« Tyt '32)7
"1 * (i3, a Z r.2 4 a
i f'li 2 2 ri + 2_’3)
i 2 4xd e (s 2
i’f\ 1 Y4ax? s (s, .:Als1 ¥ ha )y +
: i (5, + 3 s ‘
. ! | “ ] P a5 ey .
S ;;~f‘ A
s (4 anrkn) -
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(Q)IVDiiferenting WiT.E. X, f'(x) - 43i7¥ 3nlx? + 2§2§ ; ay i_i"f

' Compariag coéfficients with £'(x) in (c) e L i ; Yl T T+ o0
'- T A
ha, = : i
‘ Sp e s 3y - I PP Xy
¢ 1. . LN - -
: S,+asS, +4a = 2a T L I +x :
'.4 27 4%y 2 2 . ST *2n-1
i . = C o = -
Sy *+ a5, + 2,8, *+ 4a, = ay . pE o Xl
l : T Xn-1
|
' i.e S1 + a = 0 , ;
) 2 2 .
: S,+ a8, +2a, = 0 : L S T
) 2
I S3* 35, + 3,5 *+3a, =0 . PR Bona ~
) : (3 earks)
) b = a N 2 2 - 202 - 2 ! -
" 1% 4 i : . . L UL T USSP S S ‘
b = a s 2n-1 2n+] 2
‘ 2 1 Lep®+ 2‘(211—1
- x2 - p2
by = 2a, - 2("2n—1 P ) »
; Answer: L +p?+ 2x - '
2n-1
) - ¥e shall next show inductively that "3 >0 fLyym=1,2.... 4
b, =& =t 7 -

B a2

WG .‘:21“1 - p =

(4 zaztks)

(3 - fo - 192
(o) P -1

e (%%} Y
S
’ i - ) ; 1+ p? + 2::2?.—1
oo
! , Tf e, X 7 D, ‘ (
1 .
. T By > p for some 2,
' . , T b (%% /+/
i ,‘ “oupp Y P y (**) '
t ¥ X1 2 P for a2,
i d by (* P s &
and by (*) ‘(Zn—1> %yl for n 1, 2,
_ ( 7] marks)
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1 is monotonic dccreusing a d bounded. o

I - .. {-yn} converges.

Let lim Yo " ¥

!,_ n e
2 2 i - A
2p* +. x2n—3 *p xz“__3 T
g . linw 20-1 nlimw :
.' " "’ 7 L+ p*+ zx2:1-3
- 2 2
. 2p” + nl—’;uéo xZn—B P nl—i’%o xZn-}
1 + p*+ 2 1lim x o
;l, . P e 2n-3 '
257 + (L + pY)y = 2p% + y + p2y.
- y = *p N
Since 'y > p > 1\ \/n,
- | —
nl-i;?n ‘n P -
L (7 marks)

2’1’52+ (f'f/~2) Kan~y

(*h Ve 2X50-4

- -2/}22'1' (‘dzl)x.lnrl
(1= 13 2 %anr
G G O+ fP) 2k~ <u'ﬁvnxn36h-

Xzf\, 3 T X 2‘\'-f-\

.‘;\
/( t 71 © 2 Xaneg XCH?z;) *lxr-( >
([,’ ) (‘(;n«-\ le\—\v

{Lh= }11 )+ 2X et ) ('*/}11" 2%n '()

|G GNE W SN WS _SNE W  WE - N N e

G-hDv)
kel
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/1(/(,3) The probability that A gets k heads L

RN che probability that A and B both get k heads
' !
m/l\a o oag Ly _n/l\m+n
Gl o't) %) en T

n
m+n £
. Z o, nfl
Required probabilViE}: k=0 Ck Ck (1) i ) ' K
m+n mrn o+n 1
But (1 + x) Y Ci ;
1=0

A+ 0%+ 0n°

k)

by comparing coefficient of  .x

o
I z n
(k=0 G x X‘-o G x

Stnce (1 + 0™ e (14 %1 + b, "

»

m
a+tn - b3 o n
Cn k=0 ck Cn-k
"i o n
® o G S
(8 marks)
(b) Let < be the probabilicy thar A wins,
Yy be the preobability that A and o draw,
Zn+2 (_I_)Z:\*Z C i
Yarl n+l 2 . Q0+ 2)(2n + 1) lﬁ
y (n+1)(n+l) (2
n
. 2n .
A~ 2ufl
“a (T) - 2Zn+l -

2n+2

',_____.-_.. e L R A ey .

A TSN

By syn 'zrcr/, the probabiliry thar 3 wing = probability that a wins.

i
]
e -S_ij\ce '_,n‘l ‘n !

,n+1 > xn .

R ———— B

For n = 3, T
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1

and f{AYUE(B}C f[av B].

tlext, for any y,

Y enut ;[AU B)

(0

(¢)

-

A, B C AU a'“-.f‘—‘_—z[n]';'

and f[l\ V] B] <

tec A ~fz}and B=f
Suecs. 040~ fl8)= £ (ane)
2. -f(x,) = 'f-(XL) = X = X;_

<o £ is injective.

RESTRECTED 'mﬂisscl*

For any A, BC X, = - -

yef(AUB]—’? BxeAUB s.t:  f(x) =y

y' e f[a)v £(8]
£(a) v £(8)
= £{a) v £(s]

f[gjnc f[AU‘B}‘_;—:—

= (Ixc Aa_s.t. f(x) =y) or
(3xe B s.t. £(x) =y)

e e e e g —

YV &, BcCx. B ’

- (5 marks)

TR
Suppose £(an B) = flA]nE(B] Y A, BcX.

xz} be any two singletons iﬁ X-
I

Xy ¥+ X = f0w f(x

(§ marks)

Suppose

is bijective.

For any A C X ye f(X\ A]%Hxé X\a s.t. y e f(x)

(lx\alc ¥\ £[a].

"z y & £[A) (since f is injective)

= y e v\ £{a].

For any vy, ye I\f[A]=Fxex s.c. £(x) =y (since £ is surjective)

2

Chrinusly X4 A,

x€x\ A

.e. yé& fff{\A]

and T\ f[A] C £[x \4A).

tience  £[z\A) = ¥\ i{a] Y A <x.

(7 merka)

t(x + y) = 2tx
f

A9l % -

tx +'y) = 2ty . . L o
t{z +w) = 0

x=
{z=-'.'. ¥y t+e
-x=(; _;) r.s €R . -

r=s=1 and Q=(1 1).then{Q|--—2#0.

1 -1

+ e ety -lf2c ©
Q 1is non-singular and( ¢ t) - Q ( 0 (JQ .

(4 warks)
Consider the zapping f : G—H such that
[(t © -/t O
f\(o 0)) Q (o 0) Q-
t t
2 2\\ o\
=l t € for all( . jeG -
z 2 2/
learly I is bijective,
. - — . - - e o -
Furthar, <27 2ll &, B € G, fA)I(8) = (3 TAQ) (0 "BQ)

=
)
o

wultiplicative fdentity in G, i.e.
¥ AE G,

A o= AL m A

£ ic Sijective, every matrix in ¥ can b2 written as f(A) for

erxactly zne A in G. Then for any zatrixz I{A) in H,

f(EA) = f(A)
£(AE) = £(A)

£(E) i3 a multiplicative idmfity in i,

(7 marks)
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Multiplication 1is ;losed }n G .§1§§e o ojo o ﬂi_ 70>'
—%' 0 L e (¢ 0)
(é g) is the identity ard 0 o© is the iqverfg o o o)

t #0. <. G is a group.

: 3 3 . e G
Further, for any £(A), £(3) ia i, £(OE(B) = £(A3) € H since AB
N multiﬁlication 1s closed in &.
- 0 =
For-any £(A) in H, A lé G and f(AYE(A ) = f(ar ) f(E)

el E(a) = £(aTA) = £(B)

f(A) has an inverse.

. Together with (b), H {is a group.

o~ RESTRICTED Iy

& Ax =

iff 1A - 1l =0
i.e, !3-} -1
=0
2 -A
AT 3 2 a0
A=1or 2.
Let = .
st A =l X, =2
(b) Let A_}‘]. £ i]_ ‘:’ %
A_iz = 2£2
x 2x
Then S G / 1l 12 )
VT et/
3 '1\ = R 1 =
But / i Ty
2 U/ 2 A:‘:Z'.’ !\‘ 2
. Z;Z:f.“ - ;».21 =0
12 T, 0
1 x
71 - |1 i
21 132
EERSES Y
T fan TR,
= X, %,
N RS
Hov Al =0 = . - . .
c'«'l \ 1= =0 or fy, = 8
=ty =0 z .
_7> 21 Qr 12 n
= z, =0 % &
—_— > =1 2 ar 2y 9_

A Ix

e X s ncn-singular

CETTET @ A=) x o g

This equation has a non-zers solutien

aiE

e ——— .

(3 parks)

P
(270,
Ny o vy, Ly_' o
’ SN Ty e
L0 Nwy., Ty,
-V -
-\ ’,b z ! -7 -
P v Vv ol
N .
e 3x = \ =3 cotvs
7 12 22 o7
/. . s - ¥
i1 :
which 15 not true
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) A

) \Mew )

SR
*12y_{X2%12 (00
22/ \A2%2; 2y (7Y
X x \ x X \ae Xa ° 2
NN B S R P At Apeg, rx, :.-..)
" x T Y% ax,
21 *22 A2 A%y, e 2K
\
*11 12\.('\1 0
X, X 0 A
2t a2 2
A, o
A o= x[ ! x!

° 2 .

G 0 L 2, o) Ay o\
A.“-x7\l UM ! I B X
: 0 A, 0 )Z o tirces 0 ]\2

*—“—‘—‘-\w%—_,_ -

S e T
- X Ao x!
0 2,
n
A9
= X Al X
0 ]\2

2v. - a
2z P 0
(é) is a sclution zf Ax o= 1x

Let Ttﬁnz,f L ox, 70

‘I 2:f.I - 4;/.2 =0
\

/y -
H : ;
(,} 15 a solution of % %
v

—
o
1
—
']
—_—
—
—
-
-
=]
=
'
-

(7 marks)

1,1 ,
u v :
If.-é: L1, lag, Ytv+uyy VA =y g +¥,-+.]=(3 mrk‘.s‘) .
AT S -
u = tul ={Viz)_
'—:) U+t v+ourag
S U av(l vy :
- u = —y(- -
- ,Vz(v) (since l+u+vayq
L v= gy -
= =(u+y)
= +] )
= lvi &} .
and hence |yt a | - o e
o 1 (3 marks)
lul=fvlay 1ff—+7+1-0
V=D N 2 2"
RURUNY Xt , u+ v+ ]ag = u? ey, 2(u+ v + uv) = g .
TS '
o 1 L U+ v + gy . '
."/’."‘) If T"T*l“o ) ‘T‘HOZ) u2+V2+1=O
e If w? s 424y . 0 -~ L ! .
N = ,u+v*uv=0-)T+-v—+1°0.
’ 2 [ ! . (% carks)
ud 4. Lm0y 2, L 1 = = |yl a
.4 AN ] st t =0y fvl=1,
— - — —\—;_\"\_-:_i:; ———T
(b) The three sideg A3, BC and cCa are, raspectively,
!:2_"Il'l:3_221 Jr‘d[:l—zy’
Cenaliar the tug comolax nuzters uz Fam TN i’“\?‘
. zl’zl g, -2
3 -z, 2y -z,
Mrvs o= ey 2 2 + 1
z) - 2y z, -z ,
[
~"“"—T___ P e T - A
- z 4.3 ‘.2 . e o . - - U = !
R e e R e
. 2, - 23! ?.1 -z
| 2 2
2, IR ! -2
i i
. C—-':>(;\) .’;,J\Z)Tlso
[ R »
. =) (:—zl)2+(zj—z)*(z,~z)‘=0
P 2 2, 2
b 7ort gt ey 22737 338 ¢ 2,2,
i e e
j R LS Y P 2l =7y -2y
2 2
. L 22y 52, zy 228+ 5, 7,2,
T . ’ 7 marbkn)
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.Hv-f‘-v-ﬁlﬂ“P'PF\ i Ao PP ol P2l

: (a)y - Putting Yy " mx + ¢

2 2 2
a‘m” + b
——————— x

a?p?

Condition for tangency is

4o?c? a?m? + b3\ /2 b2
— -4 =0
b \oa?p? b?

i.e. a%m? + p2 -

et =0,
Since P(h, k) lies on the tangent,
c =k~ Eh‘ .
a%n? + b2 - (k - ph)2? = g

“or (a® - h¥)n? + 2hkg + (b2 -~ k?) = 0

.......... . (1)
(6 marks)
(b) The tangents of the angles between tangents frez P to the line y = nx
are given by
o, - n
1+ z 0 -
m, - n
—2
I +an
2
n -n n - CZ
If these angles are equal 7—:—:;; =T n
1 %
Expanding (1l - n?) (ml *a,) + Zn(mluz - =0 L (2)
(5 marks)
- )]
(c) Frea (1), B+ |, = ——rghi—
a® - n?
b2 - 12
mlmz = —*———32 ~ hz s
-2hk b2 - k2
Sub. in (2), (I - n’)(‘—\ + Zn(\” -0
a? - p% \a® - i /
“2hk(l - %)+ 20(b7 - 2% 4 p2 - g2y . g
20h? - 20k? - 2(1 - n?)pk + 2n(b? - a?) - g
equation of locus of p ig
nx? - ny? 4+ (g2 - Lxy - n(a? - b2) = ¢ |,
. (6 _nmarks)
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cos(n + 1)0 = cosn 0 cos® - gin n O sing . : D o o ) » o ‘ ’ o C S
T : T T U ca) Ll gt Brcestiy T
Y et s iole e {lvesEogcos 0 8 cos® - (sin(n ~1)0 cos0 + - : - (e);sdnce ¢ Tcos(n - 2 = G cos(k — ) 0 Ly petig O tesTixg e
L L . ““cos(n - 1)0 sin6]) sing o o - i e
=2 Lag (vrees ey L35 (eos x) o e TR ST mmm i :—f © e — = LT T ;‘ 1 o u~ 17 L ""7 . . .
tyyxesteren i) = cos n B cos® - sin(n - 1)8 cosd sin®. - by (®), x = -3 i ck cosfn - 2k)@ £=<7x/ ; ; P
cos(n -"1)6(1 - cos2g) g 2" k=0 . ‘ . .
® cosn B cos® - cos(n - 1)0 - - n-1 . i :
-1 - - o : . . oy
[sin(n )@ sind cos(n -.1)0 costcosQ o ln 2Ckn cosfn - 2K)@ ¢35 el 3
= cosn 6 cos8 - cos(n - 1)8 + cos A 6 cosd 27 k=0 :
* = 2cos n 0 cos® - cos(n - 1)0 . n;l
1 n .
- cC, T (x) n=1,3,5, ... .
. o1 2 G Taoak .
. - - ) (4 marks) 277 so
- Tn+l(x) 2x1‘n(x) Tn_l(.c) 3 marks
foen 22k > Tg(x) =1 and T (x) = x & $ Wf»'
/, Tz(x) =~ 2x2 -} 1s a polyncmial of degree 2 with leading . ’
p SN
"\w’*b “ coefficient 2l .
-9, - < 2 )
Since Tk+2(x) 2% Tk”(x) Tk(x) » 1f, for 1€ n¢& k , t§+l(x) is a '
polynomial of degree k + 1 wich leading coefficient Zk. then Tk*z(x)
is a polynomial of degree k + 2 with leading coefficient Zk’l. A s u-2,  He V‘-l ,
(e\w J ’ .
2 Tn(x) is a polynomial of degree n with leading coefficient - wr! s\ \5;_—‘_
n-lvyn2 1. . , - Lo N
2 (4 garks) 1 47e
- . e e — e —. - - K 2 o
/F; v Ca Cofmagy s T
(b) cosh = %[(cos@ + 1 s1i0B) + (cos-0 + 1 sin—e)] - ) o
n [ n k n-k - '7'?
. Mol 5 o0y ‘5o - [ . ‘ i -
Sy o8P Zn '.2=.0 k \Cisg) (C s 9) 'r.~n_1 V‘("‘ V\-~\ %[(A -l('ﬁ _AJ)?\DD,y
K , J z .
n ot
|G- n - 5T ‘
= — 2 C (cis k 9) (cis(k - n)9) I ARRTE SIS ST 43T Srns
2.’1 k=0 k X . J:—.J IR (- +z~\) SLESED & )
1 > n = '
= - 5 ¢ s(2k ~ ] - . .
2" keg K e i A y oy ]
2
o
; Y K A “ %) A~ D) 5"
= -l-ﬁ by Ckn cos(2k - r)@ ( since imaginary part = 0) ' Xt 2 —%3 Ca oo, a2 >wo5'X ]
2" k=0 oo
n 2w );_ ~Cp T T n-28) Cns 'X7
- L % Ckn cos(n - 2k)0 '“,L»,
2" k=0 A
o e g (=),
1 n . s e .
croa e ? Ck .

(6 marks)

2 — e s
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Since®, limy £(x)) = £(x;) _and £lxp + )= £(xg) + £
plimg £() = lim) £(xy + b) - hlim f(xo)
=0 . . - - R ARy
. R ST S ST R
s f(x) - piizg £(x) + plimy £(h) oh
* plipoleco v em]
= plimy £0c + b) Vv xe .
i.e. f is cont.>;é ever; x € IR,
(b) 'We shall first induce on n for n % 0. —-
For n =0, £(0) = £(0 + 0)
= £(0) + £(0)
£(0) =0 .
Assume f(kx) = kf(x) for some k> O.
Then £k + 1)) = E(kx) + £(x)
= kf(x) + f(x)
= (k + 1)ffx) .
Hencr, f(nx) = nf(x) v n > 0,
Next £(x) + f(-x) = f(x ~x) = 0 vV x
=  f(-x) = -f(x) .
if n¢ O, - f(nx) = -af(-x) = nf(x) .
P
Let r = T “here p, 9 € Z, q# 0
. X
)
3y (o), qf(£) = £(q £)
= £(p)
= pf(l) .
£(r) = £E(1)= ¢
of rhimad nembes
(¢} For any x ¢ R, lec {a E be a sequence such that
n A

As f 1is continuous,

f(x) = n

nlim f(1) a an

£(1) lim a
NL>wo “n

= E(1)- x . ) .

The answver follows where

k = £(1).

lim a = x .

(5 marks)

(8 marks)

N =t n

-

!

T O TE TE TE TE TE W TE Tm M e v e wy ey ey oy ey ey

Baliafabaal o NIV i ok - U T rak.

e

+ e

L.S. = (-1) + e = R,S.
: . k
Assume that Ik = (—1)k+1 kI + e EZ (-l)i
1=0
1
t k+l
I =-j- de
k+l 0
Put u = tk+1 » dv = e dt
du = (k#l)tk . v = et
1 - Al
I etekt! (k+1)j- t¥etae
k+l 0
= o - (k+1)I
- [(1)“” s ey -nt
1=0
k+2 k i
=~ e + (-1 (k+1)D = e(k+l) T (-1)
1~0
- DM2ent - o F (pileDt |
: Zo (e=d) !
PA. 3 k+!
k+2 - j (k+1)!
- ( 3 - —_—
CH7 e s ‘e'Zl D aam
. 3 (k+1)!
D2 et eZ( D ae T
§=0
-~ n+
< L= (=D Lar +eiz(x) (ni), Y n20.
For 0¢t $¢1, axl, ¢ " < et o7
51 ¢ n 1
R S P R T ezMde
b VY Jo
n+l |1
- e
n+l 0
- e
n+l
¢ &
n

]

g1 (e D)

k!

(k=2) 1

where |

—TEEéTT for some k2> 0 ,
~A

1= 3-1

(4\ &

6 marks
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e

. > j Rggre e e i
(b) Also In Z t dc

0 C o TS
n+l |1 o ’
-~ - L ] R e L e IR L e
: n+l o
. L
n+l
i 1' < 1¥ ji et®de < .2
-€- o+l ~ “p~ ..

n
e S (-1t
- 1=0

(c) By (a) and (b)

T o <

n|o

(a-1)!

Assume, for contradiction, that e --%, where p, q 2 1.

1 o+l p >
I3 -
Then —5 & (-1)% oy —‘4-15"( )‘(n—m<‘— V2.
qn
n+l n!
L < (-D) g+ p{(n-(.:i.._l (2 paxl
Since (-l)Mln' g + Z (- l) (n ‘), is an integer
' i-O
q
and o= > o ,
takisg a, Y0 be greater than P, N 2 S
0 no
n.+1 n . a !
o i
than L= « (=1) 0 n.!q o+ Pz“ {-1 I (31)[ < % <
rol ) egTh 0

which 15 a czantradiction.

\
~

e cannot be a raticral nuaober.

.
Al akain il ol ol R o N SRV EIP ST SN 3

-

4 parks

7 pmarks

(a)

(b)

T e R -ty T e
Suppose hlimo — - exises, .. .
f(x +h) - £(x - h) H,,,.I{f(xﬁ*-.h) - f(x) L f(x - h) ~ £(x )—)
2h T2 h T & 1
E(x +h) - f(x) f(x -h) - f(x) S
lin L +
h=370 2 - h -h _ ]
. CE(x 4+ h) - £(x) fx -h) - f(x )']
"7 [nlR R 5 b
= f'(x)
. f(x + h) - f(x - h) A
hli.mo oh exlists. '
N : (4 marks)
Put x =0
F(x + h) - F(x = h) hsin%*hsin%
lio = lin -
h==0 2h h' =30
2h
B
* wkym o= O
Hence FS(O) exists. )
1
F(O+h) -0y _ hsiny -0
h h
= sinT’l .
- f f o ($nenar
- 2
L= i i= (ns3)7
'fvw- S"“‘k Aver mod eygr ) <
M F 15 not differentiable ar x = 0.
. (7 zarks)
(£ + g)(x *h) - (5« gi(x =-h) . .

(c)

Y
<

I3

S0+ h) - £l - n) + gl + n =~ g(x - 1)
; 2h
Since 51(x Y and Z_,.(:t ) exise,
(E+8)(x +h) = (f+g)lx =-h) - )
hl—i?o 2h exists .
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(f) (x) = g(x)E(x) + f(x g (x ) .

f{x +h) - f(x -h) g{x + h) -g(x ~h) i
and Is equal to n1imy - TS * gy T : -
Lo (g () =g (x )+ g (x) T T e
(£2)(x +h) - (£2)(x =~h) ~ f£(x.+ h) g{x +h) - f(x -h) glx -h) K

2h b 2h - 5

£(x +h) - f(x - h)-‘ - g(x + h) - g(x ;'h)-] ‘o
-"g(x + h) o j + f(x - h) ~7n J ooy
Since fs(x ) and gs(:'( ) exist and_ f, g ares continuous at x N

(6 mavks)

i BN B B 08D s W - e e
6. (W () For k=0,1,2, cee (a = 1), -let £Gx) =x* .
CBy () T T TR k"“’ eI . A o
! K k[ a7 Y I S
P (x) x dx = (-1) f [ — (x* - 1)] £(x)dx
__fl n g lax®® ax® B
=T o avk - '
k 2 o
= (-1) (k!)j- © (x* -1)" dx ..
=) dx
= 0 by (a)(i) i
. * T ‘ 3 (3 marks)
(11) 'Pm(x) is a polynomial of degree m. B T T
Let Pm(x)”- aoxm + alxm_l. ..+ a '
| R I . L
- o o
I = i Pn (x)f:n(x)dx '-‘..fx Pn(*)[aox f:alx + ..+ an]dx
o '
-3 P (x)a x:"‘J dx
Iy L ramsy
If o< a, this is equal to zero by (b)(i1).
The taag fir mi>m & avaidan, )
I i (6 carks)



cps T RS L M AN AT s ]
a) For x<t <y, let i B e 3 ,_._~_.- b
_‘y-t ’ Ce-x RS
'/\ y - x '/LL. y—x .- o ) -~ r
Then A+A=1 and A, M <0, 1) . . |
NS r
7\x+/*y-§_xx+;_:y . ,
- t P r
Ib . AV I
—17 x
’ [
A'marks
(b) Let %, L, y be in (a, b) such that x < ¢ v . - r
By (2), £(t) = f(NAx+ay) r
$ ANfx o+ aRise
Ly -t t-x . ‘
T T T
(y = :)€(e) & (y = 0)8() + (¢ - x)£(y) (v -x>0 I
(7 - (L) - (y - )0y & (¢ - XE(y) - (2 - z5i(2) f r
£(r) - £(0) , £(y) - £(c) . . . |
e s 7T (ns t - x, -t> 0) I
4 oarks ! r
\ |
(& h(e) = Nglt) + wz( - BN ey r
h7(e) = Ag'(e) - Ng'(Ae+ruy)
Since g")» 0 on (a., b), g' is increasizg | r
L 7~t+/"ky>/cu> 3N T Ay 2 g (e . ‘
oL h'(e)g 0 : r
i.e. h ia mono{‘anlz decreasing.
New h(y) = Agly) + Mg(y) - g(A y *My) r
. = (N + M) 8ly) - g0 A+ A)Y)
= 0 as + =1,
SNe()) » pmgly) - g(A e up {0 f
i.e. g 1is convex. —_—
] 6 marks : r
—— -

AL s o [=1LP Ny S

Let g(x) = x® 1n (cb)‘,‘ where p.? 1; x>0 .
g'(x) = pxp'_,)_',_

Bvl (x)

= 2 - DxP%y 0

.

<+ g 1s convex.

@ sONx  Nox) A a6 ¢ Aaxy)

T T P L WAL VLI

-

3 marks
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ﬁ ' P P - - -
il . 7T S
LI —_ . 1- . — e =
L Pl2 > T T T
l‘ SN 3 : L
7 TT : :
] 1 - <by) 0
PTT  TRT -
’, P _pi+1
Equation of PQ s Y= = (x - —p)
| 2 p2 -1 J2
’ t 12 ]
i Similarly, equation of P'Q' is y - P .rp 1t x-2)
, . - J7 2 ) J7
Solving the above -
)
' ’ u - PP *1 !
‘ 2 + "
1
' v o= P -l
! [’:(P +p") .
. 2 :
" . lim u = _L!'_ ~
! P'—>op 22
2 -
’ o v - 2oL
St p’-?P Zﬁ P
' 7 marks
' B
22 p
(b) Eliminating p from p? - 1
|I e
2p
i 2 .
(] R L I (LIRSS VLI CC I LY
1 8p2
! 1 ,
! z
i Since ( 3‘7 (p), ’)7 (p)) lies on the firs: and fourth quadrants,
' its locus 1s a brance of the hyperbola.
‘ x2 y?
] W -t
z 2 i 3 rmarks

i

N

e

"57

AN ()

Let OA=~a, OB=p . " R

TeRR e ETEECR
S.ub.sﬂtul%ing x: -(y-[-_z? & §)+/—; ta ® - 77
o-pestr - -4 _'.

-8ab (a - b)8ab 4a?b? — (3 + b)? -0 -
»(a +b)? (a + b)? (a + b)? -

2¢; 2120
The discriminamt = ~—_(° - b)%64a%b?" +  32ab  4a?p? - (a + b)?
e —_—
(a +b)

(a + b)2 (a +1b)2 -
- (;13—%8:71‘—[(8 - b)%ab + 4a%2 _ (a + b)?)
- 32ab (.(ab - 1)(a + b)2
(a + b)

<
. . <
Since the discriminanc N 0 according as ab s !, the line a3

weets () at no point, one point, or 2 points according 25 ab < 1
>

—_—
7 marks

el ol ke ol SR IP_T T SR N Ll o1, B WP





