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FORMULAS FOR REFERENCE

sin (A% B) =sin Acos Bt cos Asin B
cos (A% B)=cos Acos BFsin Asin B

tan A+ tan B

tan(4tB)=——
1¥tan Atan B

A+B A-B

sin A+sin B =2sin cos 3

A+B . A-B
Sin 2

sin A—sin B =2 cos

A+B A-B

cos A+cos B =2cos cos 3

A+B . A-B
sin 3

cos A—cos B =-2sin

2sin Acos B =sin (A+ B)+sin(4—B)
2cos Acos B=cos(A+ B)+cos(A4-B)

2sin Asin B=cos(A—B)—cos(A+ B)
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Section A (42 marks)
Answer ALL questions in this section.

1. Solve 1 >1.
x
(3 marks)
2. Find (a) 4 sin’x,
dx
(b) 9 gin? (Bx+1).
dx
(4 marks)

3. (a) Show that

1 1 —Ax
VX +Ax Jx - \/;(1/x+Ax)(\/;+1/x+Ax) .

(b) Find 4 (L) from first principles.

dx\/;

(5 marks)
4. P(-1,2) is a point on the curve (x+2)(y+3)=5. Find
d
(a) the value of L4 at P,
dx
(b) the equation of the tangent to the curve at P.
(5 marks)
5. (a) Solve |1-x|=2.
(b) By considering the cases x<1 and x>1, or otherwise, solve
[1-x|=x-1.
(5 marks)
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1++/31
6. Express the complex number i

3+

1+4/3i
3+

in polar form.

2000
Hence find the argument 6 of ( J , where 0 is limited to the

principal values —r <@ <.
(6 marks)

7. o and B are the roots of the quadratic equation
2 +(p-2)x+p=0,
where p is real.

(a) Express oo+ f and ooff in terms of p.

(b) If o and B are real such that a’+ B 2 =11, find the value(s) of

p-
(7 marks)
8.
B
D
0 : C Figure 1
Y|
In Figure 1, 04 =i , 0B = j. C is a point on OA produced such that
AC =k ,where k>0. D isapointon BC suchthat BD:DC=1:2.
(@)  Showthat 0D=1Ki+2j.
3 3
(b) If E is a unit vector, find
(M) k,
(i1) ZBOD , giving your answer correct to the nearest degree.
(7 marks)
2000-CE-A MATH 14 -3-
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Section B (48 marks)
Answer any THREE questions in this section.
Each question carries 16 marks.

9. P

0 Figure 2

In Figure 2, OAC is a triangle. B and D are points on AC such that
AD = DB =BC. F isapoint on OD produced such that OD=DF . E isa
point on OB produced such that OFE =k(OB), where k>1. Let

OA=2and OB=b.
(a) (1) Express OD interms of a and b.

(i)  Show that 56”=—%a+ %b.
(iii) Express EF in terms of k,a and b.
(5 marks)
(b) Itis given that O4A=3,0B=2 and ZAOB =60°.

(1) Find a.b and b.b.
(i1) Suppose that ZOEF =90°.

(1) Find the value of £.

2) A student states that points C, £ and F' are

collinear. Explain whether the student is correct.
(11 marks)
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10. Let f(x)=—; .
x“+2
(a) (1) Find the x- and y-intercepts of the curve y =f(x).
(i1) Find the range of values of x for which f(x) is
decreasing.
(1ii) Show that the maximum and minimum values of f(x)
1 .
are 4 and 5 respectively.
(9 marks)
(b) In Figure 3, sketch the curve y=f(x) for -2<x<5.
(3 marks)
() Let p= Tﬂ, where 6 is real.
sin“0 +2
From the graph in (b), a student concludes that the greatest and
least values of p are 4 and —% respectively. Explain whether
the student is correct. If not, what should be the greatest and least
values of p ?
(4 marks)
2000-CE-A MATH 1-6 -5-
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Total Marks
Candidate Number Centre Number Seat Number on this page

If you attempt Question 10, fill in the first three boxes above and tie this sheet
into your answer book.

10. (b) (continued)

|

Figure 3

2000-CE-A MATH 1-7 —6-— Go on to the next page

Fa . © (7151 All Rights Reserved 2000



This is a blank page.
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11. (a) Let w=cosO+isinf, where 0<O <z . It is given that the

complex number w? + S 2 is purely imaginary.

w

Show that 2co0s’0+5cos@-3=0.

Hence, or otherwise, find w.

(8 marks)

(b) A and B are two points in an Argand diagram representing two
distinct non-zero complex numbers z, and z, respectively. Suppose
that z, = wz,, where w is the complex number found in (a).

(M)

(i)

2000-CE-A MATH 1-9
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Z2 Z_z)

1

Find and arg (

Z1

Let O be the point representing the complex number 0.
What type of triangle is AOAB ? Explain your answer.
(8 marks)
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12. Consider the function f(x)=x>—4mx—(5m* —6m+1), where m > % .

(a) Show that the equation f(x) =0 has distinct real roots.
(3 marks)

(b) Let o, B be the roots of the equation f(x)=0, where a <f3.
)] Express o and B interms of m.
(ii) Furthermore, it is known that 4 < f <5.

(1) Show that 1<m<g.

2) Figure 4 shows three sketches of the graph of
y =1f(x) drawn by three students. Their teacher

points out that the three sketches are all incorrect.
Explain why each of the sketches is incorrect.

VA

Sketch A

Figure 4

2000-CE-A MATH 1-10 —_9_
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12. (b) (ii) 2) (continued)

)y A
y=1x)
.10 7
T T T » X
-1 5
Sketch B
Y A
y=1()
} O } T » X
-1 4 5
_________ |
Sketch C
Figure 4 (continued) (13 marks)
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13.

N

ST

|
: Figure S
le—— 100 m——»

Two boats 4 and B are initially located at points P and Q in a lake
respectively, where Q is at a distance 100 m due north of P. R is a point
on the lakeside which is at a distance 100 m due west of Q. (See Figure 5.)
Starting from time (in seconds) ¢ =0, boats 4 and B sail northwards. At
time ¢ let the distances travelled by A4 and B be xm and ym
respectively, where 0<x<100. Let ZARB=6.

(a) Express tan ZARQ in terms of x.

100 (100 —x+y)

Hence show that tan6 = . (4 marks)
10000-100y+xy
(b) Suppose boat A sails with a constant speed of 2ms™ and B
adjusts its speed continuously so as to keep the value of ZARB
unchanged.
100x
1 Using (a), show that y = .
(i) g (@) V=300
(i1) Find the speed of boat B at ¢=40.
(iii) Suppose the maximum speed of boat B is 3 ms™.

Explain whether it is possible to keep the value of ZARB
unchanged before boat 4 reaches Q.
(12 marks)
END OF PAPER
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2000

Additional Mathematics

Paper 1

Section A

1. O<x<l

2. (a) 2sin x cos x

(b)  6sin(3x+1)cos(3x+1)

3. by oW

2x2

4. (@ -5
(b) 5x+y+3=0
5. (@ x=-lor3
(b) x=1

T .. T 2w
6. cos—+isin—,——
6 6 3

7. (@ 2-p,p
(b) -1
8 ( () 5-1

(i) 48°
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Section B

Q9 (a)

(b)

(i) 07)’:%

04+20C

i) OB =
(i1) 1+2

_ — —

(ii1) EF =OF —-OF
=20D-kOB
a+b

2
=a+(1-k)b

=2

)—kb

(i) a-b=|a||b|cos LAOB
=3(2)cos60°
=3
— 2_
b.-b=|b| =4

(i) (1) OE - EF =0
kb-[a+(1—k)b]=0
ka-b+k(1—k)b-b=0
3k+4k(1-k)=0
Tk—4k* =0
k=0 (rejected) or k :%

k=L
4

a . © (W5 All Rights Reserved 2000



7
2)Put k=—:
(2) Pu p

EF=a+(-Lb=a—>b
4 4

CE=0FE-0C
NN
4 2 2

1 1
=—a+—b
2 4

Since CE # u EF, C, E, F are not collinear. The student is incorrect.

a . © (W5 All Rights Reserved 2000



Q.10 (a) (1) Put x=0,y= .. the y-intercept is %

Al

Put y=0,x= .. the x-intercept is % .
(i) f(x) is decreasing when f’(x)<0.
—4(x? +2)—(7—4x)2x
(x* +2)°
_4x? —14x-8
(x2 +2)2

2
4x° —14x-8 <0

(x*+2)°
2x+)(x-4)<0

f'(x)=

—leS4
2

(iii) f(x) is increasing when f’(x) >0,
ie. x=4 or xs—l.
2

f'(x)=0 when x=4 or—%.

As f’(x) changes from positive to negative as

. 1 .
x increases through —5 so f(x) attains a
. 1
maximum at x = _E .

1
At x=——,y=4
> y
.. the maximum value of f(x) is 4.

As f’(x)changes from negative to positive as

x increases through 4, so f(x) attains a
minimum at x =4 .

At x=4,y=—%

.. the minimum value of f(x) is —% .

a . © (W5 All Rights Reserved 2000



(b)

Y
A
1
——,4
( 5 )
7
2
5
2.5) »=1(x)
7
4
2 0
13
( s_E)
(©)  Put x=sing ,f(sing) = LS00 _
sin“ 6 +2

The range of possible value of sinf is —1<sinf <1.
From the graph in (b), the greatest value of f(x) in the
range —1<x <1 is 4.

.. the greatest value of p is 4 and the student

is correct.
From the graph in (b), f(x) attains its least value at one
of the end-points.
11
f=1,-)=—.
3
- the least value of p is 1 and the student is
incorrect.
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Q.11

(a)

(b)

w=cosf +isinf
w? =cos 20 +isin 20

1 1

W cosO+isin®

= cos(—0) +isin(—0)

=cosfO —isinf
w? +i—2

w

=c0s260 +isin 20 +5(cos O —isinB)—2
=¢08260 +5c0s0 —2+i(sin 20 —5sin )
Since w? +i—2 is purely imaginary,

w
cos20+5cos0—-2=0

(2cos2 6—-1)+5cos0-2=0

2c0s20+5c0s0-3=0

1
cos6 =5 or cosf =-3 (rejected)

9=§ (: 0<6<7)
Imaginary part

—sin2E _ssinF %0
3 3

T .. T
S.ow=cos—+isin—
3 3

Z3

Z1

(i)

arg(Z2) = arg(w)

Z

T
3
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Z_2:|Zz|:1

|z |

(i)

Z1
sz =1z
i.e. OA=OB.
ZAOB = arg(z, ) —arg(z,)

zZ
=arg(—)
21

T
3

Since O4 = OB, AOAB is isosceles.
£04B=20BA= - (n-T)="
2 3 3

~. AOAB is equilateral.
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Q.12 (a) f(x)=x*—4mx—(5m* —6m+1)
Discriminant A = (—4m)? +4(5m* —6m+1)
=36m> —24m+4
=409m* —6m+1)

=43m-1)2>0 C:m>%)
. the equation f(x) =0 has distinct real roots.

x=4mi\/z
2
=2mx(Bm-1)
Since a < 3,

(b)y @

a=2m—-GBm-1)=-m+1
B=2m+@m-1)=5m-1

(i1) (1) Since 4< B <5,
4<5m-1<5
5<5m<6

6
l<m<—
5
(2) Sketch 4 :
Since the coefficient of x* in f(x) is positive, the
graph of y = f(x) should open upwards.

However, the graph in sketch 4 opens
downwards, so sketch A4 is incorrect.

Sketch B :

Since o =1-m and 1<m<g,
1—1>1—m>1—é
5

0>(x>—l
5

In sketch B, o is less than —1, so sketch B is incorrect.
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Sketch C:

y =x2 —4mx—(5m2 —6m+1)
y=-1

—1=x? —4mx—(5m* —6m+1)

x2 —4mx—(5m?* —6m)=0 — ——— (%)

Discriminant A = (—4m)2 +4(5m2 —6m)
=36m”> —24m
=12m(3m-2)

Since1<m<g,A>0.

As A >0, equation (*) has real roots,

i.e. y=f(x) and y =-1 always have intersecting
points. However, the line and the graph in
sketch C do not intersect, so sketch C is incorrect.
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100—x
A3 (a tan LZARQ =
Q.13 (a) Q 100
tanf = tan (LARQ+ ZORB)
_ tan ZARQ +tan ZORB
1—-(tan ZARQ) (tan ZORB)
IOO—x+L
100 100
100—x, , y
1= (——2y (2=
¢ 100 )(100)
_100(100-x+y)

~10000—100y + xy

(b) () At tzO,tanGzZ—Q

10,
100

Since ZARB remains unchanged,
100(100-x+y)

10000—100y +xy
10000—-100x+100y =10000—100y + xy
200y — xy =100x

_100x
YT 200—x

iy 4 _ (200-2) (100)-100x(-1) dx

dt (200-x)* de
20000 dx
T (200—x)? dr
40000
(200-x)>
At £=40, x = 40x2 =80.
dy 40000
dr  (200-80)2
25
"9

.. the speed of boat B at 1 =40 is %m s,
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d
(i) From (if), <X = 22090
dr (200 x)
s
dr

40000 _
(200-x)>
200

200-x 2=
V3

X <200(1-—2)
3

NG

d
When x>200(1——=), ¥ 5 3.
V37 dt

So it is impossible to keep LARB
unchanged before boat A reaches Q.
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