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FORMULAS FOR REFERENCE

sin (4+ B) =sin 4 cos B+cos Asin B
cos(A+ B)=cos Acos B¥sin Asin B

tan A +tan B

tan(A+B) = ——M—
1¥F tan Atan B

A-B

sin A+sin B =2sin COST

A-B

sin A—sin B =2cos A+Bsin

A-B
2

B
cos A+cos B =2cos A+

Ccos

A-B

cos A—cos B =-2sin A+Bsin

2sin Acos B =sin (A + B)+sin (4 - B)
2cos Acos B=cos(A+ B)+cos(A-B)

2sin Asin B =cos (4— B)—cos(A+ B)
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Section A (42 marks)
Answer ALL questionsin this section.

1. Evaluate J ? cos?x dx.
0
(3 marks)
2. Find J X(x+2) % dx.
(4 marks)
3.
J}
A
LZ
LI
9] —> X
Figure 1

Figue 1 shows two padld lines L;:2x+2y-1=0 and
L, :2x+2y-13=0.

@ Find the y-intercept of L,.

(b) Find the distance between L, and L,.

(© L; isancther line parallel to L,. If the distance between L, and L,
isequal to that between L, and L, , find the equation of Lj.
(5 marks)
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Figure 2

In Figure 2, the line L : y=6x and the curves C; : y=6x?

and C, : y=3x2 all passthrough the origin. L also intersects C, and
C, a the points (1,6) and (2,12) respectively. Find the area of the

shaded region.
(5 marks)

5. A family of straight linesis given by the equation
y-3+k(x—-y+1) =0,
where k isredl.
@ Find the equation of aline L, inthe family whose x-intercept is 5.

(b) Find the equation of aline L, in the family whichisparallel to the

X-axis.
© Find the acute angle between L, and L,.
(6 marks)
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6. The slope at any point (x, y) of acurveisgiven by

dy _ 3x% —2x+k.
dx

If the curve touches the x-axis a the point (2, 0), find
@ thevalue of k,

(b) the equation of the curve. (6 marks)

7. @ Expand (1+2x)" in ascending powers of x up to the term x3,
where n isapositive integer.

(b) In the expansion of (x—§)2(1+ 2x)" , the constant term is 210.
X
Find the value of n.
(6 marks)
8. (a) Show that cos36 = 4cos0 —3cos6 .
(b) Find the general solution of the equation
Cos6x+4cos2x=0.

(7 marks)
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Section B (48 marks)
Answer any THREE questionsin this section.
Each question carries 16 marks.

9.
J)
¥
\ /x2 =4y
/L
(0’ 1) B(-x'27 yl)
_—
A (xl > yl)
0 —> X
Figure 3
L isadtraight line of Sope m and passes through the point (0, 1). Theline
L cuts the parabola x? =4y at two points A(x,y;) and B(x,,Y,) as
shown in Figure 3.
€) Show that x, and x, arethe roots of the equation
X% —4mx—4=0. (3 marks)
(b) Find (x, —x,)? intermsof m.
Hence, or otherwise, show that AB = 4(1+ m?). (6 marks)
(© C isacirclewith AB asadiameter.
() Find, in terms of m, the coordinates of the centre of C
and itsradius.
(i) Find, in terms of m, the distance from the centre of C to
theline y+1=0.
State the geometrical relationship between C and the line
y+1=0. Explain your answer.
(7 marks)
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10.

A(-3,0) and B(-1, 0) are two points and P (X, y)is a variable point such
that PA=+/3PB. Let C bethelocusof P.

(@
(b)

(©

(d)

Show that the equation of C is x* +y?=3. (3 marks)

T(a,b) isapoint on C. Find the equation of thetangent to C a
T. (2 marks)

The tangent from A to C touches C at apoint S in the second
guadrant. Find the coordinatesof S
(3 marks)

A(=3,00 O —

Figure 4

¢ is a draight line which passes through point A and makes an
angle 6 with the positive x-axis, where —7—2Tse 57—2T. Q(x,y) is

apointon ¢ suchthat AQ =r . (SeeFigure 4.

0) Write down the coordinatesof Q intermsof r and 6.

(i) ¢ cuts C a two digtinct points H and K. Let
AH =1, AK =1, .

(1) Show that r, and r, are the roots of the
quadratic equation r?—6r cosf +6=0.

2 Find the range of possible values of 8, giving
your answers correct to three significant figures.
(8 marks)
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11.

Figure 5

Figure 5 shows a right cylindrical tower with a radius of » m standing on
horizontal ground. A vertical pole HG, / m in height, stands at the centre
G of the roof of the tower. Let O be the centre of the base of the tower. C
is a point on the circumference of the base of the tower due west of O and
D is a point on the roof vertically above C. A man stands at a point 4 due
west of O. The angles of elevation of D and H from A are 10° and f
respectively. The man walks towards the east to a point B where he can
just see the top of the pole H as shown in Figure 5. (Note : If he moves
forward, he can no longer see the pole.) The angle of elevation of H from

Bisa. Let AB= /m.

/si
(2)  Show that AD=— 0%
sin (¢ —10°)

Hence (i) express CD interms of / and o,

¢ sin’asin (B —10°)
sin (¢ —10°)sin (¢t — B)

(i) show that A =

(Hint : You may consider AADH.)
(6 marks)
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(b) In this part, numerical answers should be given correct to two
significant figures.

Suppose o =15°, B=10.2° and ¢ =97.
(i) Find
(1) the height of the pole HG,
2) the height and radius of the tower.

(i1) P is a point south-west of O. Another man standing at P
can just see the top of the pole H. Find

(1) the distance of P from O,

2) the bearing of B from P.
(10 marks)
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12. €)

(b)

(©

(d)

Prove, by mathematical induction, that

sin 2n0
2sinf

’

cos6 +cos360 +cos50 +---+cos (2n—1)0 =

wheresing # 0, for al positive integers n.
(6 marks)

Using (a) and the substitution 68 = 7—2T - X, or otherwise, show that

sin 6x

sinx-sin3x+sin5x = ,
2C0os X

wherecos x # 0.

(2 marks)
Using (@) and (b), evaluate
05— . . . 2
Hsnx—sn3x+sm5x E
dx,
J.O.l []cOoS X +C0S3X + CoS5X [
giving your answer correct to two significant figures.
(4 marks)

Evaluate

V3
an (sinx+3sin3x+5sin Sx+7sin 7x+---+1999sin 1999x) dx -
3 (4 marks)
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13.

Figure 6(a) Figure 6(b)
A curve passes through three points A(14,8), B(r,2) and C(r,0) as
shown in Figure 6(a). The curve consists of two parts. The equation of the
part joining A and B is x=+/4+3y? andthepart joining B and C is
thevertical line x=r .

@ Find thevalue of r.
(2 marks)

(b) A pot, 8 unitsin height, isformed by revolving the curve and the
line segment OC about the y-axis, where O isthe origin. (See
Figure 6(b).) If the pot contains water to a depth of h units, where
h>2, show tha the volume of water V in the pot is

(h®*+4h+16)7 cubic units.
(7 marks)

() Initially, the pot in (b) contains water to a depth greater than
3 units. The water is now pumped out a a constant rate of 2w
cubic units per second. Find the rate of change of the depth of the
water in the pot with respect to time when

Q) the depth of the water is 3 units, and
(i) the depth of the water is 1 unit.

(7 marks)
END OF PAPER
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Outlines of Solutions
1999 Additional Mathematics
Paper 2

Section A

3
4

(x+2*  (x+2)'®

2. +c, where ¢ isaconstant
101 50
1

3. a =

@ 3

(b 32

(o) 2x+2y+11=0
4, 3

() y-3=0
/4
(© 2
6. @ -8

(b) y=x3-x%-8x+12
7. @  1+2,Cx+4,Cox?+8,Cyx +...

(o) 4

8. (b) kzri%, where k isan integer
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Section B

Q9 (@ Theeguationof Lis y=mx+1.
Subgtitute y=mx+1 into x? =4y :
X% = 4(mx+1)
x? —4mx—4=0

. X, X, aretheroots of the equation x* —4mx—4=0.

) {xl +X, =4m
X X, = —4
(X _Xz)z = (X + Xz)z — 4% X,
= (4m)? - 4(-4)
=16(m? +1)

AB? = (Xl_xz)z +(Y1‘Y2)2
= (Xl_xz)z +(mxg +1-mx, -1?
= (Xl_xz)z +(mX1_mX2)2
=1+ m?) [16(m? +1)]

AB = 4(1+m?)

© () x-coordinate of centreof C = =2m

2 2

. 1 1
y-coordinate of centre of C =1 Ty MGG

= g (4m)+1 =2m? +1
~.the coordinates of the centre are (2m, 2m? +1).

Radius of C:% =2(1+m?)

(i)  Distancefrom centreof C to y+1=0
=|2m? +1-(=1)|
=2(m*+1)

Asthe distance from centreof Cto y+1=0 isequa
totheradiusC, theline y+1=0 isatangentto C.

A, © {7EkiME Al Rights Reserved 1999



Q.10 (a)

(b)

(©

(d)

PA=+/3PB

Jx+3)2 +y? =43/ (x+1)? + y?
X% +6x+9+y? =3(x? +2x+1+ y?)

x> +y?=3

Differentiate x? + y? =3 with respect to x:

2x+2yﬂ:0
dx
dy X
dx
Equation of tangentat T(a, b) is
y-b -a
x-a b

ax+by=a?+b?

Substitute A(-3, 0) into the eguation of tangent :

a(-3)+b(0)=3

a=-1

b=+3-(-1)2 (©S liesin the 2nd quadrant.)
V2

. the coordinatesof Sare (-1,+/2) .
(i) The coordinatesof Q are (-3+r cosé, rsing).

(i) (1) Substitute (-3+rcosH,rsing)intoC:
(-3+rcos6)? +(rsinh)? =3
9-6rcos@+r2cos?@+r2sin?9=3
r2—6rcos@+6=0 ————(*)
SinceAH =r; , AK =r, ,r; and r, aretheroots of (*).
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(2)  Since ¢ cuts C at two distinct points, (*) has
two distinct real roots.

(6c0s0)* —4(6)>0

cos’ 6 >E
3

cosO > \/% or cosf < —\/g (rejected)

».—0.615< 60 <0.615 (correct to 3 sig. figures)
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Q.11 (a) Consider AABD :

By Sine Law,
AD 1
sin ZABD  sin ZADB
AD _ 1
sin(180°—a)  sin(x—10°)
fsino
=—————m
sin(a —10°)

(1) Consider AACD :
CD = ADsin10°
_ Isinasin10°
 sin(a—10°)

(i)  Consider AADH :
AD  DH
sin(e—B)  sin(f—10°)
DH = AD sin(f8 —10°) _ £sin o sin( B —10°)
sinfa—fB)  sin(ex—10°)sin(er — )
Consider ADHG :
h=DH sino
_ Usin® arsin(B—10°)
~ sin(a —10°) sin(er — B)

(b) () (1) Using(a)(ii):
97sin”15°sin(10.2° — 10°)

height of pole =— -
sin(15°—-10°) sin(15°-10.2°)
=3.1100= 3.1 m (correct to 2 sig. fig.)

(2)  Using (a) (i) :
97sin15°sin 10°

height of tower CD =—
sin(15°—-10°)
=50.020 =50 m (correct to 2 sig. fig.)

radius of tower =
tan15°

_3.1100

" tan15°
=11.607=12 m (correct to 2 sig. fig.)
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(i) (1) Consider AHPO:
tan ZHPO = o
oP
_ OH
~ tan15°
_3.1100+50.020
© tanl5®

=198.28
=200 m (correct to 2 sig. fig.)

@  /BPO= % (180°— 45°) = 67.5°
Bearing of B from P isN(67. 5° —45°)W, i.e. N22. 5° W.
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Q12 (@ For n=1,LHS=cos6.

HS= srT 20
2sing
:—angcose =cosf = LHS.
2sin@
O the statement istruefor n= 1.
sin2k6
Assume cos6 +cos30 +cos50 +---+ cos(2k —1)8 = ~sind
sin

for some positive integer k.

Then cos@ +cos30 +cos50 +---+cos(2k —1)8 + cos[2(k +1)—1]0

=3N Zkg +cos(2k +1)8

_ sin2kB +2sin 6 cos(2k +1)6

- 2sin6

_sin2k0 +sin(2k +2)8 -sin 2k6

- 2sin6

_sn2(k+1)6

~ 2sing

The statement isalsotruefor n=k+ Lif itis
truefor n=k.

By the principle of mathematical induction,
the statement istrue for all positive integers n.

(b) Using(a) : cosO +cos30 +cos50 = znw ,Where sin6 £ 0.
n
Put 6 :I—T—x :
2
- - - sin6(’F-x)
cos(E —X) +cos3(E —X) +€0S5(— —-x) = 2
2sin(t - x)
2
cos(Z ) +cos(37n ~3x) +cos(5—2n —5x) = INET-6x)
2s'n(L2T—x)

sin 6x

. . . . T
sinx—sin3x+sin5x = ,Wheresm(E—x):cosxio.
X
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© %5 §nx—sin3x+sin5x 2
01 COSX+COS3X+ COS5X

L 05 - -
sin6x , Sin6x
= [ [ =—=]%dx
J o1 2cosx 2sinx
e 05
= tan? xdx
J 01
e 05
= (sec? x—1)dx
J 01
=[tanx—x]33

=0.046 (correctto 2sg.fig.)

T

(d) J-nz (sinx +3sin3x +5sin5x +7sin7x +--- +1999sin1999x)dx

3

=[ —cos x —cos3x —cos 5x —cos 7x —---—c0s1999x]

wianly

1.sin 2000x]§

:_E[ snx X
3

L
2
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Q13 () Substitute (r,2) into x=4/4+3y? :

r=y4+32)? =4

(b)  V=Volumeof lower cylindrical part + volume of upper part
Volume of lower cylindrical part =zr%h
=7(4%(2)
=32
h

Volume of upper part :nJ. x*dy
2

h
= nJ. (4+3y?)dy
2

=n[4y+y°]}
=(h®+4h-16)7
- V=327 +(h®+4h-16)x

=(h®+4h+16)7 cubic units

© @ Let h units bethe depth of water at time t.

v ., dh
N enzia D
a e

Put ;ﬂt:—er and h=3:

—27r:7r[3(3)2+4]?j—?

dh -2 .
— =—— units per sec.
d 31

.~.the depth decreases at arate 331 units per sec.
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(i)  When h=1, thewater remained isin the cylindrical

part only.
L
dh dt
dt baseareaof cylilnder
_ 2r
n(4)?
1 .
=—Z units per sec.
8

-~.the depth decreases at arate % units per sec.
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