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This paper must be answered in English

1. Answer ALL questions in Section A and any THREE questions in Section B.

2. All working must be clearly shown.

3.  Unless otherwise specified, numerical answers must be exact.

4. In this paper,  vectors  may be represented by bold-type letters such as   u,  but
candidates are expected to use appropriate symbols such as     in their
working.

5. The diagrams in the paper are not necessarily drawn to scale.
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Section A (42 marks)
Answer ALL questions in this section.

1. Find (a) )1(sin
d

d 2 +x
x

,

(b) .]
)1(sin

[
d

d 2

x

x

x

+

(4 marks)

2. Solve the inequality  2
1

>
−x

x
.

(4 marks)

3. Solve  .|34||3| 2 +−=− xxx
(5 marks)

4. Let  kxkxx +−+= )4(22)(f 2 , where  k  is real.

(a) Find the discriminant of the equation .0)(f =x

(b) If the graph of )(f xy =  lies above the x-axis for all values of  x,
find the range of possible values of  k.

(5 marks)
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5. Express  i+1   in polar form.

Hence find the three cube roots of  ,1 i+  giving your answers in polar form.

(5 marks)

6. The point  ),( aaP   is on the curve  ,03 222 =−−− ayyxx  where  a  is a
non-zero constant.

(a) Find the value of  
x

y

d

d
 at  P.

(b) Find the equation of the tangent to the curve at  P.
(6 marks)

7. Let a, b be two vectors such that jia 4 3 +=  and 4|| =b .  The angle
between  a  and  b  is  60°.

(a) Find  || a .

(b) Find  a . b .

(c) If the vector )( ba +m  is perpendicular to  b, find the value of  m.
(6 marks)
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8.

A  ball  is  thrown  vertically  upwards  from  the  roof  of  a  building
40 metres in height.  After  t  seconds, the height of the ball above the roof is

h  metres, where 2520 tth −= .  At this instant, the angle of elevation of the
ball from a point  O, which is at a horizontal distance of 55 metres from the
building, is θ.  (See Figure 1.)

(a) Find  (i)     tan  θ   in terms of  t,

(ii)     the value of  θ   when   t = 3.

(b) Find the rate of change of  θ  with respect to time when   t = 3.
(7 marks)
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Section B  (48 marks)
Answer any THREE questions in this section.
Each question carries 16 marks.

9. Let π≤≤+= xxbxax 0where,cos2sin)(f  and a, b are constants.

Figure 2 (a) shows the graph of  ).(f xy ′=

(a) (i) Find  )(f x′   in terms of   a,  b  and  x.

(ii) Using Figure 2(a), show that  2–=a  and  4–=b .

(4 marks)

(b) (i) Find the x- and  y-intercepts of the curve ).(f xy =

(ii) Find the maximum and minimum points of the curve
).(f xy =       

(7 marks)

(c) In Figure 2 (b) , sketch the curve ).(f xy =       (3 marks)

(d) Let  .0where,|6cos2sin|)(g π≤≤−+= xxbxax   Using the

result of (c), write down the range of possible values of ).(g x

(2 marks)
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Candidate Number Centre Number Seat Number
Total Marks
on this page

If you attempt Question 9, fill in the details in the first three boxes above and tie
this sheet into your answer book.

9. (c) (continued)
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10.

In Figure 3, OAB  is a triangle.  C and D are points on AB and OB
respectively such that  AC : CB = 8 : 7 and  OD : DB = 16 : 5.  OC and  AD

intersect at a point  E.  Let  .and ba == OBOA

(a) Express ADOC and  in terms of  a  and  b.
(4 marks)

(b) Let .and ADkAEOCrOE ==

(i) Express .and,oftermsin barOE

(ii) Express .and,oftermsin bakOE

Hence show that .
5

3
and

7

6
== kr

(6 marks)

(c) It is given that  EC : ED = 1 : 2.

(i) Using (b), or otherwise, find  EA : EO.

(ii) Explain why OACD is a cyclic quadrilateral.
 (6 marks)
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11. Figure 4 shows a parallelogram OABC in an Argand diagram.
OAOA and2=  makes an angle 60° with the positive real axis.  Let z1 , z2

and  z3  be the complex numbers represented by vertices  A, B and C

respectively.  It is given that  13 )3( ziz = .

(a) Find   z1  and  z3  in standard form.
(3 marks)

(b) Show that  i
z

z
31

1

2 += .

Hence, or otherwise, find .AOB∠
(5 marks)

(c) Let °<≤°+= 3600where,sincos θθθ iw .  Point  E  is a point in

the Argand diagram representing the complex number 3zw .  Find

the value(s) of  θ  in each of the following cases :

(i) E  represents the complex number 3z  .

(ii) Points  E, O and  A  lie on the same straight line.
(8 marks)
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12.

Figure 5 shows a rectangle ABCD with ,cm2andcm2 kDABA ==
where  k  is a positive number.  E  and  F  are two variable points on the
sides DCBC and  respectively such that ,cm2andcm xEBxFC ==
where  x  is a non-negative number.  Let  S cm2 denote the area of  ∆AEF.

(a) Show that  .222 kxxS +−= (3 marks)

(b) Suppose  
2

3
=k .

(i) By considering that points  E  and  F  lie on the sides  BC

and  CD  respectively, show that  
2

3
0 ≤≤ x .

(ii) Find the least value of  S  and the corresponding value of
x.

(iii) Find the greatest value of  S. (9 marks)

(c) Suppose  
8

3
=k . A student says that  S  is least when  x = 1.

(i) Explain whether the student is correct.

(ii) Find the least value of  S. (4 marks)

Provided by dse.life



99-CE-ADD MATHS 1–12 – 11 –
����   All Rights Reserved 1999

13.

A food company produces cans of instant soup.  Each can is in the form of a
right  cylinder  with  a  base  radius  of  x cm and a height of  h cm (see
Figure 6) and its capacity is V cm3, where V is constant.  The cans are made
of thin metal sheets.  The cost of the curved surface of the can is 1 cent per
cm2 and the cost of the plane surfaces is  k cents per cm2.  Let  C  cents be
the production cost of one can.  For economic reasons, the value of  C  is
minimised.

(a) Express  h  in terms of  π , x  and  V.

Hence show that  .2
2 2xk
x

V
C π+= (3 marks)

(b) If  0
d

d
=

x

C
, express  3x  in terms of  π , k  and  V.

Hence show that  C  is a minimum when  .
2

1

kh

x
= (6 marks)

(c) Suppose π256and2 == Vk .

(i) Find the values of  x  and  h.

(ii) If the value of  k  increases, how would the dimensions of
the can be affected ?  Explain your answer.       

(5 marks)

(d) The company intends to produce a bigger can of capacity 2V cm3,
which is also in the form of a right cylinder.  Suppose the costs of
the curved surface and plane surfaces of the bigger can are
maintained at 1 cent and  k cents per cm2 respectively.  A worker
suggests that the ratio of base radius to height of the bigger can
should be twice that of the smaller can in order to minimize the
production cost.  Explain whether the worker is correct.   

 (2 marks)
END  OF  PAPER
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Outlines of Solutions

1999 Additional Mathematics

Paper 1

Section A

1. (a) )1(cos2 2 +xx

(b) )1(sin
1

)1(cos2 2
2

2 +−+ x
x

x

2. 21 << x

3.  0, 2 or 3

4. (a) 64404 2 +− kk

(b) 82 << k

5. )
4

sin
4

cos(2
ππ

i+

1,0,1,
123

2
sin

123

2
cos2 6

1

−=












 ++





 + k

k
i

k ππππ

6. (a)
3

5

(b) 0235 =−− ayx

7. (a) 5

(b) 10

(c) –1.6

8. (a) (i)
11

84
tan

2 +−= ttθ

(ii)
4

π

(b) 1s
11

1 −−
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Section B

Q.9  (a) (i) xbxax sin2cos2)(f −=′

(ii) From figure 2 (a), 4)0(f −=′  and  0)
6

(f =′ π

40sin0cos2 −=−ba
2−=a

0
6

sin
3

cos)2(2 =−− ππ
b

4−=b

(b) (i) 4)0(f −=   ∴  the y-intercept is –4.

Put :0)(f =x   0cos42sin2 =−− xx

                 0cos4cossin4 =−− xxx
           0)sin1(cos4 =+− xx

                 0cos =x   or   1sin −=x (rejected)

                 
2

π=x

∴  the x-intercept is 
2

π
.

(ii) From Figure 2 (a), 0)(f =′ x  when 
6

5
or

6

ππ=x .

As )(f x′ changes from negative to positive as x increases through  
6

π
,

so )33,
6

( −π
is a minimum point.

As )(f x′ changes from positive to negative as x increases through 
6

5π
,

so )33,
6

5
(

π
is a maximum point.
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(c)

        

(d) 336)g(336 +≤≤− x
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Q.10  (a)
15

87 ba +=OC

OAODAD −=

 ab −=
21

16

(b) (i) OCrOE = ba
15

8

15

7 rr
+=

(ii) AEOAOE +=

              = ADk+a

            )
21

16
( a

b
a −+= k ba

21

16
)1(

k
k +−=

Comparing the two expressions :









−−−−−=

−−−−−−=

)2(
21

16

15

8

)1(1
15

7

k
r

k
r

(1) ÷ (2) :
k

k

16

)1(21

8

7 −
=

              kk 212114 −=

                 
5

3
=k

Substitute 
5

3
=k into (1) :

5

3
1

15

7
−=r

         
7

6
=r  

    .
7

6
and

5

3
==∴ rk
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(c) (i) Let .xEC =  

Since .2,2:1: xEDEDEC ==

From (b), .
7

6
OCOE =

.6i.e.,1:6: xEOECEO ==∴

From (b), ADAE
5

3
= .

.3i.e.,2:3: xEAEDEA ==∴
xxEOEA 6:3: =∴

                                     .2:1=

(ii) In ,and EODEAC ∆∆
    OEDAEC ∠=∠      

From (b) ,  
ED

EC

EO

EA ==
2

1
 

.~ EODEAC ∆∆∴
   EODEAC ∠=∠   (Corr ∠ s of similar ∆s)

OACD∴  is a cyclic quadrilateral.

     (Converse of  ∠ s in the same segment)
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Q.11  (a) )60sin60(cos21 °+°= iz

     i31+=

13 )3( ziz =

i33+−=

(b)
1

31

1

2

z

zz

z

z +
= )(1

1

3

z

z
+=

 ))3((31 13 zizi =+= �

)(arg
1

2

z

z
AOB =∠ )31(arg i+=

                               =  60°

(c) (i) °=150)(arg 3z

θ+°=150)(arg 3wz

     °−= 150)(arg 3z

If  E  represents the complex number  ,3z

            °+°−=+° 360150150 θ

°= 60θ

(ii) If  E, O  and  A  lie on a straight line,

°+°−=+°°+°=+° kk 360120150or36060150 θθ
(k  is an integer)

°°= 90or270θ .
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Q.12  (a) S  = Area of  ABCD – Area of  ∆ABE – Area of  ∆CEF  –  Area of ∆ADF

  )2()2(
2

1
)22()(

2

1
)2()2(

2

1
)2(2 xkxkxxk −−−−−=

  kxx 222 +−=

(b) (i) As  E  lies on BC, so  kx 220 ≤≤ , i.e. .
2

3
0 ≤≤ x

As  F  lies on CD, so  20 ≤≤ x .

Combining the two inequalities, .
2

3
0 ≤≤ x

(ii) kxxS 222 +−=
         322 +−= xx

         2)1( 2 +−= x

As x = 1 lies in the range of possible value of ),
2

3
0( ≤≤ xx

∴  the least value of  S = 2, which occurs when  x = 1.

(iii) Since 322 +−= xxS  is a parabola and there is only a minimum in

the range 
2

3
0 ≤≤ x , so greatest value of S occurs at the end points.

At .3,0 == Sx

At .
4

9
3)

2

3
(2)

2

3
(,

2

3 2 =+−== Sx

∴  the greatest value of  S  is 3.

(c) (i) Put  .
4

3
2,

8

3 2 +−== xxSk

The range of possible values of  x  is .
8

3
0 ≤≤ x

As  x = 1 does not lie in the above interval, the least value
of S will not happen when x = 1.
∴  the student is incorrect.

(ii) As  S  is monotonic decreasing on ,
8

3
0 ≤≤ x

least value of S occurs when .
8

3
=x

∴  least value of 
4

3
)

8

3
(2)

8

3
( 2 +−=S

64

9
=
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Q.13  (a)   
2x

V
h

π
=

2)()2( 2xkhxC ππ +=

   kx
x

V
x 2

2
2)(2 π

π
π +=

     22
2

xk
x

V π+=

(b) xk
x

V

x

C π4
2

d

d
2

+−=

04
2

0
d

d
2

=+−= xk
x

V

x

C π

           
k

V
x

π2
3 =

k
x

V

x

C
π4

4

d

d
32

2

+=

Put :)
2

(3

k

V
x

π
=

2

2

d

d

x

C
 = 12πk  > 0.

        ∴ C is a minimum.  

2/ xV

x

h

x

π
=

V

x3π=

    )
2

(
k

V

V π
π=

k2

1
=

(c) (i) From (b), )
2

(3

k

V
x

π
= )

)2(2

256
(

π
π= = 64

                   x  = 4

Since ,
2

1

kh

x =
)2(2

14
=

h
                           h = 16
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(ii) Since 
k

V
x

π2
3 = , so x decreases when k increases.

As  
2x

V
h

π
= , so h increases when x decreases.

 ∴ the base radius of the can decreases and the
     height of the can increases.

(d) As the costs of the curved and plane surfaces remain

unchanged, the ratio 
kh

x

2

1
= is independent of the

volume of the can.

∴ the ratio
height

radiusbase
of the bigger can should remain

     identical to that of the smaller can in order to minimise the

     cost.  So the worker is incorrect. 
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