6 ldentities, Equations and the Number System

6A Simple equations
6A.1 HKCEE MA 1980(1*/3) -1 13(b)
Solve the equation 1 ~-2x=+/2~x.

6A.2 HKCEE MA 1982(2/3) 1-7
Sdve x—yx+1=35.

6A.3 HKCEE MA 1984(A)-1-3

Expand (1+ v/2)* and express your answer in the form @ +5+/2 where ¢ and b are integers.

6A.4 HKCEE MA 19384(A/B) I1-6
Solve x—5/x—6=0.

6A.5 HKCEE MA 2003-1-6

There are only two kinds of tickets for a cruise: first-class tickets and economy class tickets. A total of 600
tickets are sold. The number of economy-class tickets sold is three times that of first classtickets sold. If the
price of a first class ticket is $850 and that of an economy class ticketis $500, find the sum of money for the
tickets sold.

6A.6 HKCEEMA 2004 1 7

The prices of an orange and an apple are $2 and $3 respectively. A sum of $46 is spent buying some oranges
and apples. If the total sumber of oranges and apples bought is 20, find the number of orauges bought.

6A.7 HKCEE MA 2007 -1-7

The consultation fees charged to an elderly patient and a non elderly patient by a doctor are $120 and $160
respectively. On a certain day, there were 67 patients consulted the doctor and the total consultation fee
charged was $9000. How many elderly patients consulted the doctor on that day?

6A.8 HKCEE MA 2008 ~1-3
(a) Write down all positive integers m such that m+2n =S, where n is an integer.
(b) Write down all values of k such that 2x” +5x+k = (2x-+m)(x-+n), where m and n are positive integers.

6A.9 HKCEE MA 2009 -1-6

The total number of stamps owned by John and Mary is 300. If Mary buys 20 stamps from a post office, the
number of stamps owned by her will be 4 times that owned by John. Find the nuraber of stamps owned by
John.
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6A.10 HKCEE MA 2010 I 6

The cost of a bottle of orange juice is the same as the cost of 2 bottles of milk. The total cost of 3 bottles of
orange juice and 5 bottles of milk is $66. Find the cost of a bottle of milk.

6A.11 HKDSEMASP-1-5

In a football Jeague, each team gains 3 points for a win, 1 point for a draw and 0 point for a loss. The
champion of the league plays 36 games and gains a total of 84 points. Given that the champion does not lose
any games, find the number of games that the champion wins.

6A.12 HKDSE MA 2012—-1-5

There are 132 guards in an exhibition cenwe consisting of 6 zones. Each zone has the same number of
guards. In each zone, there are 4 more female guards than male guards. Find the number of male guards in
the exhibition centre.

6A.13 HKDSEMA 2013--1-4
The price of 7 pears and 3 oranges is $47 while the price of 5 pears and 6 oranges is $49. Find the price of a

pear.
6A.14 HKDSE MA 2015-1-7

The number of apples owned by Ada is 4 ¥mes that owned by Billy. If Ada gives 12 of her apples to Billy,
they will have the same number of apples. Find the total number of apples owned by Ada and Billy.

6A.15 HKDSE MA 2017-1-4

There are only two kinds of admission tickets for a theatre: regular tickets and concessionary tickets. The
prices of a regular ticket and a concessionary ticket are $126 and $78 respectively. On a certain day, the
number of regular tickets sold is 5 times the number of concessionary tickets sold and the sum of money for
the admission tickets sold is $50 976. Find the total number of admission tickets sold that day.

6A.16 HKDSE MA 2019-1-3

The length and the breadth of a rectangle are 24 cm and (13 + r) cm respectively. If the length of a diagonal
of the rectangle is (17 —3r) cm, find .
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6B Nature of roots of quadratic equations
6B.1 HKCEEMA1988-1 4

The quadratic equation 92 — (k+1)x+1=0......... (*) has equal roots.
(a) Find the two possible values of the constant k.
(b) If k takes the negative value obtained, solve equation (*).

6B.2 HKCEEMA2007-1-5
Let k be a constant. If the quadratic equation x2 4+ 14x+ k= 0has no real roots, find the range of values of k.

6B3 HKCEEAMI080-] 1
Find the range of values of k for which the equation 222 +x+5 = k(x+1)? has no real roots.

6B4 HKCEE AM1998-1-3

The quadratic equations x* —6x+2k =0 and x2—5x+k = 0 have a common root . (i.e. & is a root of
both equations.)
Show that & =k and hence find the value(s) of k.

6. IDENTITIES, EQUATIONS AND THE NUMBER SYSTEM

6C Roots and coefficients of quadratic equations
6C.1 HKCEEMA 1980(1/1%/3) ~1-3

What is the product of the roots of the quadratic equation 2x* +kx —5 = 0?
If one of the roots is 5, find the other root and the value of k.

6C.2 HKCEE MA 1982(2/3) -1-1
If a—b=10 and ab =k, express @+ interms of k.

6C.3 HKCEEMA 1983(B) I 14 (To continue as 10C.1.)

a and B are the roots of the quadratic equation x* —2mx+n =0, where m and n are real numbers.
(a) Find, in terims of m and n,

G (m-a)+(m-B)

(@) (m—a)(m-B).
(b) Find, in terms of m and n, the quadratic equation having roots m— ¢ and m — .

6C.4 HKCEEMA 1985(A/B) I-5§

Let azand 3 be the roots of x2+kx+1=0, where k is a constant.

(a) Find, in terms of k,
@ (o+2)+(B+2),
@) (az+2)(B+2).

(b) Suppose az+2 and 8 +2 are the roots of x>+ px+g =0, where p and g are constants. Find p and ¢
in terms of k.

6C.S HKCEEMA 198§(A/B) 1-7

If 'ln+%=§ and m+n =b, express the following in terms of @ and &

(@ mn,

) m2+n?

6C.6 HKCEE MA 1987(A/B) 1-5

o and B are the roots of the quadratic equation kx® — 4x+2k =0, where k (k # 0) is a constant. Express
the following in terms of k:

@) a2+p2,

a B
(b) -B-+-—'.

6C.7 HKCEEMA 1990-1 6 y
In the figure, the curve y=x2+ px+q cuts the x axis at the two
points A(a,0) and B(8,0). M( 2,0) is the mid point of AB.
(a) Express @+ f interms of p. Heace find the value of p.

(b) If a2+ B*=126, find the value of g.

y=x+4px+q

X

B(B,0)

M(-2,0)
A(e,0) T o

e, |
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6C.8 HKCEEMA 1901 -1-7 (Also as 3B.5.)

Let o and 8 be the roots of the equation 10x*> +20x+ 1= 0. Without solving the equation, find the values
of

(a) 4%x 4P,

(b) logyg ar-+1logyo .

6C.9 HKCEE MA 1993 -1 2(f)

If (x—1)(x+2)=x24rx+s, find rand s.

6C.10 HKCEEMA 19931 6
The length & and the breadth 8 of a rectangular photograph
are the roots of the equation 2x* — mx+ 500 = 0. The photo
graph is mounted on a piece of rectangular cardboard, leaving
a uniform border of width 2 as shown in the figure.
(a) Find the areaof the photograph.
(b) Find, in terms of mz,
(i) the perimeter of the photograph, ————
(i) the area of the border. 2

- —-— y'
6C.11 HKCEEMA 1995-1-8 y=22-3z—4

In the figure, theline y =k (k> () cutsthe curve y=x2=3x—4 at
the points A(, k) and B(B,k).

(a) () Find the value of o+ 8. ak & o
(i) Express o in terms of k. A P r=
(b) If the line AB cuts the y-axis at Pand BP = 2PA, find the value

of k. x

6C.12 HKCEEMA1997 1 8

The roots of the equation 2x*> —7x+4 =0 are azand B.

(a) Write down the values of @+ 8 and af8.

(b) Find the quadratic equation whose roots are o +2 and 8 +2.

6C.13 (HKCEEAM 1984 1 5)

Let cx and 8 be the roots of the equation x? —2x~ (m*> —m+1) =0, where m is a real number.
(2) Show that (oc—B8)?>0 for any value of m.

(b) Find the minimum value of \/(a_:F)Z.

6C.14 HKCEE AM 1987~1-5

The equation x*+-4x+4p =0, where pis a real constant, has distinct real roots & and §.
(a) Find the range of values of p.

®) If o +B%*+a?B2+3(a+ ) —19=0, find the value of p.
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6C.15 HKCEE AM 1989 1 11 [Difficult]

(2) Let c, B be the roots of the equation x>+ px+g=0...... (*), where p and g are real constants.
Find, in terms of p and g,
i o+B%
i) o +p3,
(i) (@2-B-1)(B2-a—1).

(b) If the square of one root of (*) minus the other root equals 1, use (a), or otherwise, to show that
#-3(p—1)g+(p=1)%(p+1)=0......... *%.

(c) Find the range of values of p such that the quadratic equation (**) in g has real roots.

(d) Suppose k is a real constant. If the square of one root of 4x?+5x+ =0 minus the other root equals
1, use the result in (b), or otherwise, to find the value of k.

6C.16 HKCEEAM1990_1 4

a, B are the roots of the quadratic equation x2— (k+2)x+k =0.

(a) Find o+ B and o in terms of k.

®) ¥ (+1)(B+2)=4, show that & =~2k Hence find the two values of k.

6C.17 HKCEE AM 1991 -1-7 (To continue as 10C.10.)
P, gand k are real numbers satisfying the following conditions: p+gtk=2,
pq+gk+kp =1.

(a) Express pgin terms of k.
(b) Find a quadratic equation, with coefficients in terms of &, whose roots are p and g.

6C.18 HKCEE AM 1992_-1-9
@, BB are the roots of the quadratic equation x2 + (p+1)x+ (p—1) =0, where p is a real number.
(a) Show that c, B are real and distinct.
(b) Express (¢—2)(B 2) interms of p.
(c) Given B<2<a.
(i) Using the resultof (b), show that p < -—g.

@ii) If (@—~pB)*< 24, find the range of possible values of p.
Hence write down the possible integral value(s) of p.

6C.19 HKCEEAM1993 1 3

a, B are the roots of the equation x>+ px+¢ =0 and & +3, B +3 are the roots of the equations
22 4gx+p = 0. Find the values of p and q.

6C.20 (HKCEEAM 1995 1 10) (Difficult] (To continue as 10C.13.)
Let f(x) = 12x> +2px —gq and g(x) = 1222 +2gx — p, where p, g are distinct real numbers. @, B are the
roots of the equation f(x) =0 and ¢, ¥ are the roots of the equation g(x) =0.

(a) Using the fact that f(a) =g(c), find the value of o.. Hence show that p+¢=3.

(b) Express 8 and 7y in terins of p.

6C.21 HKCEE AM1998-1-2

o, B are the roots of the quadratic equation x*> —2x+7 = 0. Find the quadratic equation whose roots are
a+2and B+2.



6C.22 HKCEE AM 2000-1-7

a and B are the roots of the quadratic equation X%+ (p 2)x-+p =0, where p is real.
(a) Express a+ B and af in tems of p.
(b) If & and B are real such that a2+ B2 = 11, find the value(s) of p.

6C.23 (HKCEE AM 2011-1-7)

Let o and § be the roots of the quadratic equation x2+ (k+2)x +k = 0, where & is real.
(a) Prove that @ and S are real and distinct.
®) If a=,/B2, find the value of k.

6C.24 HKDSEMAPP-1-17 (Continued from 6D.1.)
1
(a) Express 155 in the form of a 4 bi, where a and b are real numbers.
. 1 .
(b) The roots of the quadratic equation x* +px+g=0 are % and TO_Zz Find

(@) pandg,
(i) the range of values of r such that the quadratic equation x2 + px+g = r has real roots.
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6D Complex numbers
6D.1 HKDSEMAPP-I1-17

1 .
(a) Express ——._ . in the form of &+ bi, where a and b are real numbers.
i

142
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6 Identities, Equations and the Number System

6A. Simple equations

6A.1 HKCEE MA 1980(1*/3) —1-13(b)

®) (1-2P=2-x
42 -3x—1=0

(x+1)(x=1)=0 = x= %orl(rejected)

6A2 HKCEE MA 1982(2/3)-1-7
x=5 xF1
(x=5P=x+1
P=11x+24=0 => x=8or3 (rej ected)

6A3 HKCEE MA 1984(A)-1-3

1+vD* = [1+v2?) = (1+2v34 202
=(3+2V3)?
=9+12v/2+8=17+12V2

6A.4 HKCEE MA 1984(A/B)~1-~6

LetyF=u = u*—5u 6=0
u=6o0r-1
VX =6 or —1(rejected) =+ x=36

6A.5 HKCEE MA 2003-1-6

Letx and y first- and ec onomy-cl
x+y =600 N x=150
=3x y=450

*. Sum of money = 150 x $850 + 450 x $500 =
$352500

6A.6 HKCEE MA 2004 —-1-7

Let x oranges and y apples be bought.
2x+3y=46 = 7= 14
x+y=20 y=6

.~ 14 oranges were bought.

ickets be sold rspectively.

6A.7 HKCEEMA 2007 ~1~7

Let there be x elderly paticnts.
Then there wer e67 — x non-elderly patients.
120x+160(67 ~x) = 9000
10720 —40x = 9000
x= (10720 — 9000) =6 =43
.. Ther ewer 43 elderly pati ents.

6A.8 HKCEEMA 2008 -~1-3
(a) m=1or3 (correspouding n=2o0r1)
(b) 27 +5x+k= 20+ (m+2n)x+mn
S=m+2n

Comparing coefficients of like terms, P
- Possible values of & are (1)(2) =2 and (3){1) =3 only

6A.9 HKCEEMA 2009~1-6

Let John own x stamps.
Then Mary owns300— x s tamps.
(300~ x) +20 = 4x
320=5x = x=64
.. John owns 64 stamps.

6A.10 HKCEEMA 2010 I 6
Let $2x and $x be the costs of 1 orange juice and 1 bottle of mik
res pectively,
3(2x)+5(x) =66
1lx=66 = x=6
.*. The cost of a botde of milk is $6.

6A.11 HKDSE MA SP-1-

Let the champion win x games.
Then it has 36 — x draws.
3(x)+1(36—-x) =84
2%x=48 = x=24
.*. The champion wins 24 games.

6A.12 HKDSE MA 2012-1-35

Let there be x male guards.
Then thereare 132 x female guards.
132 x =x
=z+4
132—x=x+24 = x=54
.. Thereare 54 male guards.

6A.13 HKDSEMA 2013 -1-4

Let the pricesof a pearand an orange be $x and $y res pedively.
Te+3y=47 (1)

{5x+6y=49 @

2A)-(2): %=45 = x=5

.. The price of a pear is $5.

6A.14 HKDSE MA 2015 -1-7
Let Ada and Billy own 4x and x apples,
4x 12=x+12
x=24 = x=8
. Billy owns 8 apples and Ada 4(8) = 32 apples.

6A.15 HKDSE MA 2017 -1-4
Let xregular and y concessionary tickets be sold that day.
x=5y y=72
126x+ 78y = 50976 x=5(72) =360
. 360 +72 = 432 tickets were sdd that day

6A.16 HKDSEMA2019-1-3

(17 =32 =242 4 (13 47)?
289 — 1027497 = 576+ 169 +26r +r*
82 —128r-45 =0 = r=-3or 19 (rejected)

284



6B Nature of roots of quadratic equations

6B.1 HKCEEMA 1988 —-1—-4
A=0
(k+1)2 36=0
k+1=x6 = k=S5o0r~7
(b) When k = ~7, (*) becomes
92 +6x+1=0

(Bx+1)2=0 = x=--1§(mpented)

6B.2 HKCEEMA 2007 — -5
A<0Q

142—4k <0
4%>196 = k>49

6B.3 HKCEEAMI080 J 1
22+ x4+5=k(x+1)* = (2 k)x1+(l 2Un+(5 k)=
No real roots =

(12K —4(2~k)(5 k)<0

24k 39<0=>k< 39/24
6B4 HKCEE AM 1998 -3

a?—6a+2%=0 (i)
?-Sa+k=0 (2)
)= = -a+k=0 = a=k
Hence th e equation becomes
K —6k+2k=0

B 4k=0 = k=0Oord

6C Roots and coefficients of quadratic
equations

6C. 1 HKCEE MA 1%111‘132—[-3
produd of tt=-5/2, k=-9

6C.2 HKCEEMA198223) 11
4+ =(a b 2ab={10)2~2(k)=100—-2%

6C. 3HKCEE MA 1983(B) ~1—14
a+B=2m
(@ {a,e-..
i) (m a@)+(m B)=2m (a+B)=2m (2m)=0
@ (m a)m ﬂ)-m’ (a+B)m+ap
m?— 2m)m+(n) = n—ni*
) By(a),thc eqwnionﬁs
(sum)x+ {product) = 0
L (Ox+(n—m*)=0 = 24n-m*=0

6C.4 HKCBEMAI%zA/B!-—I—S
{a+ﬁ- k
af=1
@ @ (e+2)+(B+2)=(a+B)+4=4 k
() (@+2)(B+2) =af+2(a+B)+4=5 2%

®) P—-(sumofroos)—-ﬁ k)y=k-4
g = product of roots =5

6C.5 HKCEEMA 1986(A/B)~1~7
1 1 1 m+n b

b
@ = 4 = —_—— = n=—
a m n mn mn a

(b) mz+n2=(m+n)"—2mn=([,)1_z(f) =pte 2
a a

6C.6 HKCEE MA 1987(A/B) 1-5

{a+B=%
af=2
2
(@) o2+p2=(a+pfP-208= (%) -2Q2)= -4

@ p_o+p: # 4 8
®F+*e="ep =7 " 2

6C.7 HKCEEMA1090-1-6
@ a+f=-p = -2-—"“2'3-T = p=4
®) a’-+ﬁ~-(a+[3)‘ 208 =26

P 2(g)=26 = g=-5

6C.8 HKCEE MA 1991 -1-7

(@) 4% x 4P =4avP —4-2= il

16
1
(b) logjo @ +logof =logio @B =logo 75 = 1

6C.9 HKCEE MA 1993 - 1-2(f)

r=(sum of roots) 5 = product of roots
=—{1+(-2)]=1 = (1)(-2) =2

6C.10 HKCEEMA 1993-1-6
(a) From the equation, aﬂ-s-gg-zso

' Area o!phonoyapb=z§)
®) () Perimeter =2(a+ ) -2(;) =m
(i) Areaof border=(cc+4)(8+4) of
=4(a+p)+16=4m+16

6C.11 HKCEEMA 1905 —1-8
(a) aandBmtlgmoiso!meecpaﬁon (k) =x*>=3x—4
= 2 3x 4 k=0
H a+p=3
(@) af= 4 &k
() BP=2PA = B=2(-a)=-2a
Hence, a+f=4 = a+( 2a)=3
a= 3 = f=6
L (-3)(6)=0f= 4 k = k=14

6C.12 HKCEEMA 1997 -1-8

@) a+5-;. aﬂ=§=2

(b) Sum of roots = (@ +2)+ (B +2)
=(a+p)+4=|5

Product of roots = (&t +2)(8 +2)
=af+2(a+p)+4

=(2)+2 (;) +4=13

15
+4-'f

Hence, required equation is ﬁ-gx+13=0
= 27 15x+26=0

6C.13 (HKCEE AM 1984 -1-5)

a+p=2

ap = ~(m*~m+1)

(@ BY=(a+B) 4aB=(2*+4(m® m+1)
= 4m*4m+3

(a)

=(x-1/2%74
«>7/1450
forany value of m.
®) From (a), minimVm of (¢ — B)2 = 744

*. minimu m of {fo By= 7%

6C.14 HKCEE AM 1987~-1-5
(@ A>0 = 16-4p>0 = p<4

w {*rB= ¢

af=p

0=al+p2+a2p2 +3(a+p) 19
=(@+p)~ ~2af+(@f)*+3(a+p)- 19
=( 4)‘—2(p)+(p)-+3(-4)— 19
=p*-2p~15=(p=5)(p+3)

= p=35 (rejected) or -3

| 6C.15 HKCEE AM 1989111
J‘ a+f=-p
a
@ {“ﬂ =g
O a*+p=(a+B)-2af=( p)’ 2q
=p-2%
i o +ﬁ’-(a+ﬁ)(a'-aﬁ+3’)
1 (@+8)((a; +8)* =3af)
f -(-p)((-p) 3(@)=3pg P
Gi) (a*~B~1)(B*~0—1)
=a?p*-(a?+8%) (a’+ﬂ~)+aﬁ+(a+ﬁ)+l
(q)’-(3pq-p’) (P*=29)+(g) +(-p)+1
‘ P’ -3pg+3q-p+1
(b) The given m!'orma tionmeans either
(L2 ﬁ—lorﬂ a=1
\ (a’ -B-1)(B2-a-1)=0
‘ p’ pr+g 3pg+3g p+1=0
& 3p lg+p® P p+1=0
¢*=3(p 1)q+p’(p 1)~ (p=1)=0
@ =3(p 1Dg+(~-1)(* 1)=0
¢ =3(p=1)g+(p =17 (p+1)=0
) A20
9p 1)2 4(p 12(p+1)20
(p=1)%9~4(p+1))20
(p-1(5-4p) 20

[ Since (p=1> 20, 5-4p>0 = p<§

[
(d) 42 +5x+k=0 & xz+§-x+§-o
5 k.
Pntp=3urlq=zmm(b).

B 06+ @)-o

R 1%+9=0 = k:%

6C.16 HKCEEAM1990-1-4
@) a+B=k+2, af=k
(®) (a+1)(B+2) =
af+20+B+2=4
af+(a+p)+a+2=4
(k+2)+ (k) +a+2=4 = a= 2k

Hence.gmdnga= 2k into the equation:
(~2k)? = (k4 2)(=2K) +k =0
62 =3k=0 = k=00r%

6C. 17 HKCEE AM 1991 ~1-7
(a) From the first equation, p+g=2 k

From the second equation, pg+k(p+g) =1

pg=1 kQ &)
= (k+1)?

(b) Sumofroots=p+g=2 &k
Product of roots = (k+1)2
. Required equation: x* — (2= K)x+ (k+1)2 =0




6C.18 HKCEEAM 1992 -1-9
@ A=(p+1)? 4(p 1)=p*~2p45
=(p+1)>+424>0
Hence, the two roots are real and distinct.
a+f (p+1)
® {aﬁ=p—l
So(e=2)(f-2)=a 2a+p)+4
=(p~1)+2Ap+1)+4=3p+5
(© () p<2<a = a 2>0and p 2<0
(e 2)(B-2)<0
3p+5<0 = p<—£
G) (@ B)*=(a+BP—daf <24
(p+12—4(p~1) <24
(p—1)* <20
1 Vi< p<1+30
Together with (D, 1 vZ<p<—3
.. Possible integral values = —3and 2

6C.19 HKCEEAM1993-1-3
{a+ﬁ~—-—p aad {(a+3)+(ﬁ+3)= q
af=g (@ +3)B+3)=p
a+pf=—~g~6
af=p 3(a+p)-9=4p 9
= {-P'=—q~6 - {p:l
g=4p 9 g=-35

6C.20 (HKCEE AM 1995 -1~ 10)
@ flo) =g(a)
1262 +2pat ~q = 1202420 ~ p
2o(p—gf= p—g] (. p,geredistinct)

W==~1 = a-?

=2 2.l

B e 12"3‘36;*2
= e bt P

= TYERT2 %

6C.21 HKCEE AM 1998 -1-2

a+f=2
dﬂ-7
Sum of roots = (@ +2) +(B+2) = (@ + ) +4
)+4=6
Product of roots = (@ +2) (B +2) = a+2(a-+j) +4
=(7)+2(2)+4=15
Required equation: X* 6x+15=0

6C.22 HKCEE AM2000-1--7
@@ a+B=2 p, af=p
() a2+ p2=11
(@+B)? 2ap=11
(2 pP~20p) =11

2

p 6p 7=0 = p=7or-}
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6C23 (HKCEEAM2011-1-7)
@) A= (k+2)* 4k=4k+4
20+4>0
.. The roots are real and distinct.
®) If a=/B% and a# B (from (a)),
then & =—§.
L a+p=0 = k=-2

6C24 HKDSEMAPP—1-17
1 i1 2i) 1 2% 1

2
S T T TPy =Ty R e S
() D BY(a).tMmsmlo(%—gl) =2 4iand 244
. Jp= (sumofroots)= 4
" |g=product of roots =22 442 = 20
(ii) The equation becomesx® dx+ (20 ~r) =0,
A>0
16 420 )20 = r2>16

6D Complex numbers
6D.1 HKDSEMAPP-I-17

(a)

U 1-2)  _1-2i 1 2
T2 Q40 2 22503




